0-INVARIANTS OF DU VAL DEL PEZZO SURFACES OF DEGREE 1

ELENA DENISOVA

ABSTRACT. In this article, we compute J-invariants of Du Val del Pezzo surfaces of degree 1.

1. INTRODUCTION

1.1. History and Results. It is known that a smooth Fano variety admits a Kédhler—Einstein metric
if and only if it is K-polystable. For del Pezzo surfaces Tian and Yau proved that a smooth del Pezzo
surface is K-polystable if and only if it is not a blow up of P? in one or two points (see [34,33]). Later
on, Odaka-Spotti-Sun showed which Du Val del Pezzo surfaces are K-stable in [30]. A lot of research
was done for threefolds (see [3], 25 10} 26, 20} 27, 12} 5], 4, 1T], 19, 18, O]). However, not everything
is known for Fano varieties of higher dimensions and threefolds showed that often the problem can
be reduced to computing d-invariant of (possibly singular) del Pezzo surfaces (see [3 9, [11] etc). We
computed J-invarints of Du Val del Pezzo surfaces of degree > 2 in previous works [15, 16, [17]. In
[3] it was proven that the d-invariant of smooth del Pezzo surface of degree 1 is given by:

THEOREM. ([3][Lemma 2.16) | Let X be a smooth del Pezzo surface X of degree 1. Then

15
= if | — K x| contains a cuspidal curve,

12
= if | — K x| does not contain cuspidal curves.

5(X) =

The proof of this theorem immediately gives us a corollary:

COROLLARY. Let X be a Du Val del Pezzo surface of degree 1. Let P be a smooth point on X, then
op(X) > 2.

This is a generalization of a-invariant computations, which were done by I. Cheltsov, D. Kosta,
J, Park and J. Won in a series of papers [7, 8, BI, B2] since § and « invariants are related as
3a(X) > 6(X) > @ in case of del Pezzo surfaces. The singularity types of Du Val del Pezzo
surfaces of degree one were listed in [35]. The results of computation d-invariants of del Pezzo
surfaces with Du Val singularities in [I5, [16, [I7] and this article confirm the results in Odaka-Spotti-

Sun [30] paper and lead to finding new K-stable examples of singular Fano threefolds. Let X be a

Du Val del Pezzo surface of degree 1. Then X can be realized as the double cover X N P(1,1,2),
which is ramified along a sextic curve R € P(1,1,2). In this article, we compute J-invariants of Du
Val del Pezzo surfaces of degree 1. Note that when X has A; singularities J-invariant depends on
whether R is reducible or irreducible. We prove that:

MAIN THEOREM. Let X be the Du Val del Pezzo surface of degree 1. Then the §-invariant of X
is uniquely determined by the by the type of singularities on X and unique elements of | — K|

containing each of singular points which is given in the following table:
1
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Type of singularity d(X)
Ay, 2Aq, 3Aq, 4A4, 5A;, 6A, TA;, 8A 2
all elements of | — K x| containing singular points are nodal
Ay, 2A1, 3Aq, 4A1, 5A, 6A;, TA{, 8A, 2
some elements of | — Kx| containing singular points are cuspidal
Ao, Ag + Ay, As +2A4, Ay + 3A, Ay + 4A,,
209, 25 + Ay, 2A5 + 2A1, 3A,, 3A, + Ay, 4A, 2
all elements of | — K x| containing A, singular points are nodal
Ao, Ag + Ay, As +2A7, Ay + 3A, Ay + 4A,,
209, 205 + Ay, 205 4+ 2A1, 3Ag, 3A5 + A4, 4A, g
some elements of | — K x| containing A, singular points are cuspidal
Ay, Ay + A Ay + 201, Ay + Ay, Ay +Ag+ Ay, Ay + Az, 204 %
As, As + Ay, Ag + 201, Ag + Ay, Ay + Ay + Ay, Ag + Ay 3
Ag, Ag + Ay 2
A7, A; + A, and R irreducible }—Z;
A7, A; + A, and R reducible 1
Ag, Dy, Dy + Ay, Dy 4+ 2A1, Dy + 3A;, Dy + 4A1. Dy + Ay, Dy + As, 2Dy 1
D5, Dy + Ay, Dy + 2A, Dy + Ay, D5 + Ay 2
Dg, Dg + Ay, Dg + 244 3
D 2
Dg, Eg, Eg + Ay, Eg + Ao %
E; E; + A %
Esg £

Acknowledgments: [ am grateful to my supervisor Professor Ivan Cheltsov for the introduction to
the topic and continuous support.

1.2. Applications. Let X be a del Pezzo surface of degree 1 with at most Du Val singularities. Let
S be a weak resolution of X. We will call an image on X of a (—1)-curve in S a line as was done
in [I3]. The immediate corollaries from Main Theorem are:

Corollary 1.1. Let X be a Du Val del Pezzo surface of degree 1 with A,, or Dy singularities then X
1s K -semi-stable.

Proof. For such X have 6(X) > 1. Thus, X is K-semi-stable by [3, Theorem 1.59]. O
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Corollary 1.2 ([30]). Let X be a Du Val del Pezzo surface of degree 1 with at most Ag singularities
or a Du Val del Pezzo surface of degree 1 with A7 singularity and irreducible ramification divisor R
then X is K-stable. Moreover, Aut(X) is finite.

Proof. For such X have §(X) > 1. Thus, X is K-stable. By [0, Corollary 1.3] Aut(X) is finite for
K-stable X. g

There are also some applications in the case of threefolds. Smooth Fano threefolds over C were
classified in [22] 23] 28] 29] into 105 families. The detailed description of these families can be found
in [3] where the problem to find all K-polystable smooth Fano threefolds in each family was posed.
The output of this paper, give some alternative proofs for this problem as well as some proofs in case
of singular Fano threefolds. We know (|21}, 24]) that the Fano threefold X is K-stable if and only if
for every prime divisor E over X we have

B(E) = Ax(E) — Sx(E) >0

where Ax(E) is the log discrepancy of the divisor E and Sx (E) = m i Vol( — Kx — uE) du. To
0

show this, we fix a prime divisor E over X. Then we set Z = Cx(E). Let @ be a general point in Z.
Following [2, [3] denote

O Ax(®)

d6o(X) = inf

and dg(X) = nf Sx(F)
QeCx (F)

AP
So(X,WX) = inf ————1_
o(X,Wee) = inf S(WX; F)

QECK(F) ’
where the first infimum is taken by all prime divisors F' over the surface X whose center on X
contains () and the second infimum is taken by all prime divisors F over the threefold X whose
center on X contains Q).

1.2.1. Family 1.11 (Del Pezzo Threefold of degree 1). Let V be a Fano threefold with canonical
Gorenstein singularities such that —Ky ~ 2H for some H € Pic(V) with H*> = 1. Then V is a
sextic hypersurface in P(1,1, 1,2, 3) and a del Pezzo threefold of degree 1. A general element in |H |
is a Du Val del Pezzo surface of degree 1 and if V has isolated singularities then a general surface in
|H| is a smooth.

Remark 1.3. If V is smooth then V is a smooth Fano threefold in Family 1.11. and all smooth Fano
threefolds in this family can be obtained this way. Every smooth element in this family is known to
be K-stable [3].

Main Theorem gives the following corollary:

Corollary 1.4. Suppose that for any point QQ on 'V there exists an element X € |H| such that Q € X
and X has at most Ay singularities then 'V is K-stable.

Proof. Suppose X is an irreducible element of |H| then Sy (X) < 1. As explained above we fix a
prime divisor E over V. Then we set Z = Cy(E) and if 5(E) < 0, then 0o (X, W.Y,) < 1. Let Q be a
general point in Z, Let X be the general element of |H| that contains ). The divisor —Ky — uX is
nef if and only if u < 2 and the Zariski Decomposition is given by by P(u) = =Ky —uX ~ (2—u)X
and N(u) = 0 for u € [0,2]. By [3, Corollary 1.110] for any divisor F' such that @ € Cx(F') over X
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we get:

3

S(Wii F) =

o0

B (/0 (P(w)?- X) -ordQ<N(u)|X>du+/OT /Ooo vol(P(u)\X—UF)dvdu) _
— S/OT/Omvol(P(u)‘X—vF)dvdu: g/OQ(Z—u)S/Oovol(—KX—wF)dwdu:
5 2

0 3 Ax(F)

_ g/o 2 u)3(/ooo vol(— Ky — wF)dw)du - 2/02(2 — u)3Sx (F)du = ng(F) < 5ol

We get that dg(V) > 26o(X). For X with at most Ay-singularities we have dgp(X) > 3.
@ is a singular point and there exists an element X of |H| with dg(X) = 2 then ‘3:((}%)

min {#(X), o (X, W,X,)} from [3, Corollary 1.108.] and otherwise we choose X with dg(X) > 2 so

do(V) > 1if X has at most Ay-singularities and the result follows. O

If
>

1.2.2. Family 2.1. Let V be a Fano threefold with canonical Gorenstein singularities such that
—Kv ~ 2H for some H € Pic(V) with H?> = 1. Then V is a sextic hypersurface in P(1,1,1,2,3)
and a del Pezzo threefold of degree 1. Let S; and Sy be two distinct surfaces in the linear system
|H|, and let C = S; N'Sy. Suppose that the curve C is smooth. Then C is an elliptic curve by the
adjunction formula. Let 7w : X — V be the blow up of the curve C, and let E be the m-exceptional
surface. We have the following commutative diagram:

X
7N
AV — ~ P!

Where V --» P! is the rational map given by the pencil that is generated by S; and S, and ¢ is a
fibration into del Pezzo surfaces of degree 1.

Remark 1.5. If R is smooth then X is a smooth Fano threefold in Family 2.1. and all smooth Fano
threefolds in this family can be obtained this way. Every smooth Fano threefold in this family is
known to be K-stable [9].

Main Theorem gives the following corollary:
Corollary 1.6. If every fiber X of ¢ at most D, singularities, then X is K -stable.

Proof. If X is an irreducible fiber of p; then we have Sx(X) < 1. We now fix a prime divisor E
over X. Then we set Z = Cx(E). Let @ be the point on Z. let X be the fiber of ¢ that passes
through . Then —Kx — uX is nef if and only if u < 2 and the Zariski Decomposition is given by

0if u e [0,1],

) Kx —uX ~(2-u) X+ Eifue01],
Plw) _{ (u—DEifuell,2],

Kx—uX — (u-DE~ @—wr () ituery, NS {

We apply Abban-Zhuang method to prove that Q ¢ E = C x P'. By [3, Corollary 1.110] for any
divisor F' such that @ € Cx(F) over X we get:
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3

S<W.X.aF) = w(/{: (P(u)®- X) -ordQ<N(u)}X>du+/OT/OOOVOI(P(U)|X—vF)dvdu) =

_ §/OT /OOO vol(P(u)|, — vF) dvdu =

1 00 2 ]
_3 / / vol( — Kx — vF)dvdu +/ / vol( — Kx — (u—1)E|x — vF)dvdu) =
0 1 0

/Oovol( KX—UF)dv+/12(2—u)3/Ooovol(—KX—(u—l)E|X—vF)dv> =

| I

W~ w

oo 2 00
/ vol( KX—UF)dv+/ (2—u)3/ Vol(—KX—wF)dwdu> =
0 1 0

oo 2 00
/ X—vF)dv+/ (2—u)3/ Vol(—KX—wF)dwdu> =
0 1 0

51+ §5000) = o < 5

»Mco

o |00

»-I>IOD
N N, N, N, N

We see that 6o (X) > 1—?% (X). Thus, by Main Theorem if every fiber of p; has at most D, singularities
the result follows. O

2. PROOF OF MAIN THEOREM VIA KENTO FUJITA’S FORMULAS

Let X be a Du Val del Pezzo surface, and let S be a minimal resolution of X. Let f: X 5 X
be a birational morphism, let £ be a prime divisor in X. We say that E is a prime divisor over X.

If F is f-exceptional, we say that E is an exceptional invariant prime divisor over X. We will denote
the subvariety f(E) by Cx(E). Let

1 T
_2/ vol(f*(—Kx) — vE)dv and Ax(E) = 1+ ordu(K5 — f*(Kx)),
(—=Kx)* Jo

where 7 = 7(F) is the pseudo-effective threshold of E with respect to —Kx. Let @ be a point in X.
We can define a local J-invariant and a global d-invariant now

SX(E) =

. Ax(E) _
QeCx(E)

where the infimum runs over all prime divisors E over the surface X such that @ € Cx(F). Similarly,
for the surface S and a point P on S we define:

. As(F) .
op(S) = ;r}g So(F) and 6(5) = lljrégép(S)
PeCg(F)

where Sg(F') and Ag(F') are defined as Sx(E) and Ax(F) above. Note that it is clear that

3(X) = 8(5) and dg(X) = _ inf 5p(S)
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Several results can help us to estimate d-invariants. Let C' be a smooth curve on S containing P.
Set

7(C) = sup{v € Ry | the divisor —Kg — vC' is pseudo—effective}.

For v € [0, 7], let P(v) be the positive part of the Zariski decomposition of the divisor —Kg — vC,
and let N(v) be its negative part. Then we set

S(WS P °

7(0)
e P) = F%/o h(v)dv, where h(v) = (P(v)-C) x (N(v) - C)

It follows from [3, Theorem 1.7.1] that:

) 1 1
(2.1) dp(S) = mm{SS(C), SOWe P)}

o0

Unfortunately, using this approach we do not always get a good estimation. In this case, we can try
to apply the generalization of this method. Let o: .S — S be a weighted blowup of the point P on
S. Suppose, in addition, that S is a Mori Dream space Then

e the o-exceptional curve Ep such that o(Ep) = P, it is smooth and isomorphic to P!,
e the log pair (S, Ep) has purely log terminal singularities.

Thus, the birational map o a plt blowup of a point P. Write
KEP + AEP = (K§ + EP)lEP7

where Ap, is an effective Q-divisor on Ep known as the different of the log pair (§ , Ep). Note that
the log pair (Ep, Ag,) has at most Kawamata log terminal singularities, and the divisor —(Kpg, +
Ag,) is o|g,-ample.

Let O be a point on Ep. Set

T(Ep) = sup{v € Ry | the divisor o*(—Kg) — vEp is pseudo—effective}.

For v € [0, 7], let P(v) be the positive part of the Zariski decomposition of the divisor o*(—Kg)—vEp,
and let N(v) be its negative part. Then we set

P(v) - Ep)f

T(Ep) _ ~ ~ =
S(WEr; 0) = 2 /0 h(v)dv, where h(v) = (P(v) - Ep) x (N(v) - EP)o - ( 2

00 ) - 72
K5
Let Appap,(0)=1—orda,, (0). It follows from [3, Theorem 1.7.9] and [3, Corollary 1.7.12] that

AS(EP) inf AEPAEP (O)
) n T i FEo o\ Y
Ss(Ep) ockr S(WiE;0)

(2.2) dp(S) = min{

where the infimum is taken over all points O € Ep.

We will apply and to all minimal resolutions S such that K% = 1 in order to prove Main
Theorem. In case X is smooth we have S = X. Small circles correspond to (—1)-curves and large
circles correspond to (—2)-curves on dual graphs.
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3. A; SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1 SUCH THAT C IS NODAL

Let X be a singular del Pezzo surface of degree 1 with an A; singularity at point P. Let C be a curve
in the pencil | — Kx| that contains P and it has a node in P. One has ép(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and FE is the exceptional divisor. We have —Kg ~ C'+ E.
Let P be a point on S.

*
3

Suppose P € E. The Zariski decomposition of the divisor —Kg —vE ~ C + (1 — v)E is given by:

B —KS—UEifUE[O,%] _ OifvE[O,%]
P(U)_{_KS—UE_(QU—DC toeta] VT (e-noite [1]

Moreover,

1—2v?ifv € [0, 5]
2w —1)%ifv e [5,1]

2uifo e [0, %}

(P(v)* = { 2(1—v) ifv e [11]

and P(v) - E = {
We have Ss(E) = 1. Thus, 6p(S) < 2 for P € E. Moreover, if P € E:

B % ifv € [0, %}
hlv) = {21}(1 —v)ifv e [4,1]

Thus, S(WE,; P) <

o)

5 and We get 6p(S) = 2 for P € E. Which gives us dp(X) = 2. O

4. A SINGULARITY ON DU VAL DEL PEZZ0O SURFACES OF DEGREE 1 SUCH THAT C IS CUSPIDAL

Let X be a singular del Pezzo surface of degree 1 with an A; singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P and it has a cusp in P. One has 6p(X) = 2.

Proof. Consider the blowup 7 : S; — X of X at P with the exceptional divisor E} and C! is a
strict transform of C. Let my: Sy — S; be the blow up of the point C!' N E{ with the exceptional
divisor EZ and E?, C? are a strict transforms of E], C' respectively. Let m3: S3 — Sy be the blow
up of the point C? N E? N EZ with the exceptional divisor E and E?, E3, C? are a strict transforms
of B2, E2, O? respectively. Then (m, o my 0 m3)*(—Kyx) ~ C® + E} + 2E3 4+ 4F. Let §: S3 — S be
the contraction of the curves E; and E3, let C = 0(C®) and E = 0(E).
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*

E(-1/4)

Then Py = 9( 3) is a quotient singular point of type 1(1,1) and P, = 0(E}) is a quotient singular
point of type (1,1) and the intersections are given by

C|E
Cl-3] 1
El|l 1]|-1
Observe that — Kz is big. The Zariski decomposition of the divisor 0*(=Kx) —vE ~ (4 —v)E + C
is given by
4—v)E+Cifv 1 if 1
P(v) = ( U)—+C = €[0.1] and N(v) = 0_12‘ 0,1]
(4—v)E+252C ifv e [1,4] S-Cifv e [1,4]
Moreover o
2—v)(24v) . .
@0)@t) ¢ 0,1 = Tif 1
P(v)? = ot oDl ap) = d1ifvell
if v e [l1,4] o if v e [1,4]
So we have Ss(E) = 2 for P € E. Thus, Thus, 6p(S) < 2. Moreover, if P € E\C or P € ENC
then
v ifvelol v if 1
py = S e = RS
sse— it v € [1,4] Tlfve[lél]

So S(W,E., O) == or S(W,E,, O) = 3. On the other hand:

.9 AEA—(O)
dp(S) > mln{g Oegm}

e.0)

where Az = %Pl + %Pg. So we have
3if O=EnNC,
Apa (0)  ]3ifO=n,

S(WE;0)  |4if 0 =P,

12 otherwise.
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Thus, 6p(X) = 2. O

5. Ay SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1 SUCH THAT C IS NODAL

Let X be a singular del Pezzo surface of degree 1 with an A, singularity at point P. Let C be a curve

in the pencil | — Kx/| that contains P and it has a node in P. One has ép(X) = .

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and E; and F, are the exceptional divisors. We have
—Kg~C+ E; + FE5. Let P be a point on S.

*
3

Step 1. Suppose P € E1UFE,. Without loss of generality we can assume that P € E; since the proof
is similar in other cases. The Zariski decomposition of the divisor —Kg —vE; ~ C + (1 —v)E; + Es
is given by:

—Ks—vE; — YEy if v € [0, 2]
P(U): . 2
—Kg—vE — (2v—1)E; — (3v—2)C if v € [3,1]

JtEyifve [0,2]
vo {0 e

Moreover,
v? v -
(Pw)? = 1—3715?16[0,%} %1fv€'[0,§] 2
3w—1)%ifv e [3,1] 31—v)ifve[31]
We have Sg(Ey) = 3. Thus, 6p(S) < 2 for P € Ey\E,. Moreover, for such points we have

92 - 2
| ifvelo,?]
Mw_{ﬂh%ﬁﬂﬁvegﬂ}

Thus, S(WE; P) < 52 < 3. We get 6p(S) = 2 for P € (E1 U Ey)\(E1 N Ey).
Step 2. Suppose P = E;NE,. Consider the blowup o : S — Sof S at P with the exceptional divisor
Ep. Suppose Ei, Ey and C' are strict transforma of E;, Fs and C' on S. The Zariski decomposition

of the divisor 0*(=Kg) — vEp ~ C + Ey + Ey + (2 — v) Ep is given by:

(o) 0" (—Ks) —vEp — 4(Er+ Ey) ifve [0,3]
| o*(—=Ks) —vEp — (v — 1)(Ey + BE») — (20— 3)C if v € [3,2]

and P(v) - FE = {

| YE A+ Ey)ifue|o,2]
N(v) = {(v— 1)(E1+ Ey) + (20 =3)Cif v € [3,2].

Moreover,

v2 . 3
1-2ifve 0,2
(2—-v)?ifve[32

Lifve[0,2]
2—vifve [22]

(P(v))? = { l and P(v) - Ep = {
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We have Ss(Ep) = ¢. Thus, dp(S) < % = 2 for P = E; N E,. Moreover,

h(v)g{% fvE[O }

(2—1f11€[ 2]

Thus, S(WEF;0) < 5. We get 0p(S) = £ for P = Ey N E,. Thus, 6p(X) = 2. O

6. Ay SINGULARITY ON DU VAL DEL PEZzZO SURFACES OF DEGREE 1 SUCH THAT C IS CASPIDAL

Let X be a singular del Pezzo surface of degree 1 with an A, singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P and it has a cusp in P. One has ép(X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. We have —Kg ~ C + E1 + Ey. Let P be a point on S. Let also o S — S be the blowup of a
point P = FE1NEy;NC. Let C’ E1 and E2 be strict transforms of C', 4 and E5 on S.

Ed(-1)

Step 1. Suppose P € E;UFE,. Without loss of generality we can assume that P € E; since the proof
is similar in other cases. The Zariski decomposition of the divisor —Kg —vE; ~ C + (1 —v)E; + E;
is given by:

Plo) = —Kg—vE, — LB, if v € [0, 2]
~Kg—vE) — (2v—1)E> — (3v —2)C if v € [2,1]

JiByifveo,2]
= {(% ~DE+@u-2)Cifve [31]

Moreover,

9 1 -2 ifv e [0,
(Pv)) = {3(1} —1)2ifv e [3

] . Lifve [0,2]
] and P(v) E_{g(l_v)ifvé[g,l}

wlm oolw

We have Sg(Ey) = 3. Thus, 6p(S) < £ for P € E;\E,. Moreover, for such points we have

ifve [O }
h(U) — ) 3(1-v)(v+1
{+ it e [2.1]
Thus, S(WEL P) < 12 < 2. We get 6p(S) = £ for P € (Ey U Ey)\(E1 N Ey).
Step 2. Suppose P = E; rl E5. Consider the blowup o : S — S of S at P with the exceptional divisor
Ep. Suppose Fp, Ey; and C' are strict transforma of F,, Fs and C' on S. The Zariski decomposition
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of the divisor 0*(—Kg) —vEp ~ C + E; + Ey + (3 — v) Ep is given by:

Py JO(=Ks )—vEp——(El—i—Eg) if v e [0,1]
(v) = o*(—=Kg) — vEp — (v —1)(E) + E») — 2= 1C’ if v e [1,3]

| YB 4 By)ifve [0,1]
N(w) = {(u ~1)(E) + By) + %52 C if v e [1,3].

Moreover,

We have Sg(Ep) = %. Thus, 0p(S5) < i 3 for P = E; N EyNC. Moreover, if O € Ep\(El U EQ)
if O € Ep\C we have:

2 if v e [0,1] v ifv e [0,1]
"= {—(3_”)7(5”‘3) tvefrg  MYS (e, e g

< 2or SWEr,0) < 2 < 2. We get 0p(S) = 3 for P = Ey N E,. Thus,

3 3 00
U

Thus, S(WEr;0) < 3
op(X) = 3.

7. Ag SINGULARITY ON DU VAL DEL PEZzZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an Aj singularity at point P. Let C be a curve

in the pencil | — Kx/| that contains P. One has dp(X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and F;, Fy and E3 are the exceptional divisors with

the following intersection:
.El\E27E3
C

We have —Kg ~ C' + Fy + Ey + E3. Let P be a point on S.
Step 1. Suppose P € E,. The Zariski decomposition of the divisor —Kg — vEy ~ C + E; + (1 —
v)Es + Ej is given by:

P(v) = —Kg —vEs — g(E1 + B3) and N(v) = g(E1 + By)if v e [0,1]
Moreover,
(P( ))?=(1—-v)(1+v) and P(v)- By =vifv € [0,1]
We have Ss(Es) = 2. Thus, 6p(S) < 2 for P € E,. Moreover, for such points we have
h(v) <v*if v € [0,1]
Thus, S(WEz; P) < 2. We get 6p(S) = 2 for P € E,.

.0

Step 2. Suppose P G E1UE;3. Without loss of generality we can assume that P € F; since the proof
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is similar in other cases. The Zariski decomposition of the divisor —Kg—vE; ~ C+(1—v)E;+ Es+ E;
is given by:

Plo) = —Kg—vE) — $(2E, + E3) if v € [0, 3]
—Ks—vE, — (2v—1)Ey — (3v — 2)E3 — (4v — 3)C if v € [3,1]

N(v) = Y(2E, + BE3) if v € [0,3]
YT Qo= 1B+ (30— 2B + (4 - 3)C if v € [3,1]

Moreover,
(P(v))* = {

We have Ss(Ey) = 3. Thus, 6p(S) < 2 for P € Ey\E,. Moreover, for such points we have

B % ifve [O, %J
h(v) = {4(1 —v)(2v—1)ifve [21]

1- 22 ify e [0,2]
v —1)%ifv e [3,1]

%”ifve [0,%]

and P(v) - By = {4(1 —v)ifv e [3,1]

Thus, S(WE; P) < 55 < 5. We get 6p(S) = 2 for P € (Ey U E3)\E>. Thus, 0p(X) = 3. O

8. A, SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an A, singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P. One has dp(X) = 3.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C' is a strict transform of C on S and E, E», F3 and E, are the exceptional divisors with

the intersection:
.El\'Ezo.E/s'E4

c

We have —Kg ~ C' + Ey + Ey + E3 + FE4. Let P be a point on S. Consider a linear system
L=|—-2Kg— (E1+2Ey+2F3; + E,)|. Using Riemann-Roch for surfaces We get dim |£| = 1. Thus
there is a unique element L € |£] such that it contains the intersection point of Fy and E3. Moreover
WehaveL~E1:L-E4:O, L~E2:L~E3:1andL2:O.

c

Step 1. Suppose P = Ej N E3. Consider the blowup o : S — S of S at P with the exceptional
divisor Ep. Suppose Ei, Es, E3, Ey, L and C' are strict transforms of Ey, E, E3, Ey, L and C' on
S. The Zariski decomposition of the divisor

5 1~ ~ 3~ 3~ =~
O'*(—Ks) —UEP ~ <§ —U)EP+ §L—|—E1 + §E2+ §E3 +E4



0-INVARIANTS OF DU VAL DEL PEZZO SURFACES OF DEGREE 1 13

is given by:
(o) o*(—Kg) —vEp — -(E1 +2E2 +2E3+E4) if v € [0,2]
v) =
0*(—Ks) —vEp — Y(Ey +2E> + 2E3 + Ey) — (v —2)L if v € [2,7]
N(v) = U(Ey+ 2B, + 2B + Ey) if v € [0,2]
Y(B) + 2By + 2B + Ey) — (v —2)Lifv € [2,3].
Moreover,

1——21fve[0 2]

(P(U)>2:{(5 22 lfve[ 5] Eifve[()??}

and P(v) - Ep = {S( -3 ifve (23]

We have Ss(Ep) = &. Thus, 5p(S) < 5% = § for P = E5 N Ey. Moreover, if O € Ep\(E, U Ej) if
O € Ep\L we have:

2 ifp e [0,2 —Qifve 0,2
h(v) < {5’?5_22)5(31;—[5) if]v c [2’ g} or h(v) < {2(5_2” fq[J c ][ ]

Thus, S(WEr;0) < & <2 or SWEF;0) < 1 < 3. We get 6p(S) = 5 for P = E> N Ej.
Step 2. Suppose P 6 E’g U Es. Without loss of generality we can assume that P € F, since the
proof is similar in other cases. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves

and (—2)-curves which form one of the following dual graphs:

Ay Az
et s
Az,z- °
N 77, o

A2 1 A2,2
) B \UE, SN ) Ao P 4 o060
.\/. A2’1 2 2 K Az’l Bz 02 Dz

c E, E, 3 4 B B, By

/ o Az’z [

+
b) N . % B C, D F.
2 2 2 2
Q/:%. E4 Az’liml g) A2\ /
1 E2 E3 4 El &Ez JE;; 4

C ® E
4 A3
N Bs ¢ ¢
C)A2,: Bs 1
E; E, 3 E,
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Then the corresponding Zariski Decomposition of the divisor —Kg — vFEs is:

2 Plo) = —Kg —vEy — $(3E) 4+ 4F5 + 2E) if v € [0,1]
) —Ks—UEQ—%(3E1+4E3+2E4) (U—1)(A21+A22—|—A23—|—A24+A25)lfUG[
N(v) = 8(3E1 +4E3 + 2E,) if v € [0,1]
%(3E1+4E3+2E4) (U—l)(A21+A22+A23+A24+A25) ifve [
b) P(o) = —Kg—vEy — §(3E) +4E3 4+ 2E,) if v € [0,1]
) —Ks—vEg—%(3E1+4E3+2E4) (U—l)(2A21+BQ+A22+A23+A24)lfUG[
N(v) = Y(3E) +4E3 4+ 2E) if v € [0,1]
Y(3E) +4E3 4 2E4) 4+ (v — 1)(2A2,1 4+ Ba + Agp + Ag s + Ag4) if v € [1,

0. P —Kg —vEy — $(3E1 + 4F3 + 2Ey) if v € [0,1]
. v) =
—Kg —vEy — $(3E) + 4F5 + 2Ey) — (v — 1)(242,1 + Ba,1 4+ 2A22 + Bao + Ags) if v € [1,
N (o) Y(3Ey + 4F5 + 2E,) if v € [0,1]
V) =
%(3E1 +4F5 + 2E4) + (U — 1)(214271 + Bgyl + 2A272 + 3272 + A273) ifve [1,
a) Po) —Kg —vEy — $(3E) 4+ 4F5 + 2E,) if v € [0,1]
. v) =
—Kg—vEy — %(3E1 +4F5 + 2E4) - (U - 1)(3142,1 + 2By + 02 + 2A272 + A273) ifove [1,

Y(3Ey + 4E5 + 2E,) if v € [0,1]

N(v) =
( ) {g(3E1 +4F5 + 2E4) + (U — 1)(3A271 + 2By + Cy + A272 + A273) ifve [1,

o). Plo)= —Kg —vEy — Y(3Ey + 4E3 + 2E,) if v € [0,1]
. v) =
—Kg—vFEy — %(3E1 +4F5 + 2E4) - (’U - 1)(3./4271 + 23271 + 0271 + 2A272 + 3272) ifove [1,
N(v) = Y(3Ey + 4E3 + 2E,) if v € [0,1]
(%
%(3E1 +4E3 +2Ey) + (v — 1)(3A271 +2By1 + Co 1 + 2A272 + 3272) ifve [1,

). Plo) {—Ks — By — Y(3E) + 4E3 + 2Ey) if v € [0,1]

Kg—vEy — %

N(v)—{

K—E—f FEi +4F3+ 2F
P(v)—{ s —vEy — 5(3E, +4FE3 + 2F,

(
(3E1 +4E3 + 2Ey) if v € [0,1]
(

ol ole @

) if ve [0,1]
&) —Kg— vEy— U(3E, + 4FEs + 2E,) —

if v e [0,1]

~— — ~— —

6(
N(U) %(3E1 +4F3 + 2F,
%(3E1 +4E3 4+ 2E4) +

The Zariski Decomposition in part a). follows from

6
—Kg—vEy ~g (g—U>E2+5<3E1+4E3+2E4+A21+A22+A23+A24+A25>

A similar statement holds in other parts. Moreover,

(P(0))? = {1__1fve o] P(U>.E2:{§ifue [0,1]

leve[ 8] 1—v)ifve [l

3E1 +4FE5 + 2E4) — (U — 1)(4A271 + 3By + 2C5 + Doy + A272) ifve [1,
3E1 +4FE5 + 2E4) + (U — 1)(4A271 + 3By + 2C5 + Doy + A272) ifve [1,
(v —1)(5A2 + 4By + 3Cy + 2D, + F) if v € [1,

(v —1)(5Az + 4By + 3C, + 2D, + F) if v € [1,



0-INVARIANTS OF DU VAL DEL PEZZO SURFACES OF DEGREE 1 15

We have Sg(E,) = 1. Thus, 0p(S) < 12 for P € E,\E3. Moreover, if P € E; N Ey or if P € F>\E,
for such points we have

55” ifve [0 1} 250 ifp e [O 1]
h(v) < 9§ s(o—6)(190— or h(v) < 4 offsu )
{ oot foe g s iy ¢ [1,9
Thus, S(WE2; P) < 2 < I or S(WE; P)s < 1. We get 6p(S) = 12 for P € (Ey U Ey)\(E1 N Ey).

Step 3. Suppose P 6 E1 U Ey. Wlthout loss of generality we can assume that P € [Ej since the
proof is similar in other cases. The Zariski decomposition of the divisor —Kg — vFE; ~ C' + (1 —
v)Ey + Ey + E5 + Ey is given by:

P(o) = —Ks —vE, — %(3Ey + 2F3 + Ey) if v e [0, 7]
—Ks—vE — (2v—1)E; — (3v = 2)E3 — (4v — 3)Ey — (5v — 4)C if v € [1,1]

N(v) = Y(3E, 4+ 2E5 + Ey) if v e [0, 1]
(20— 1)Ey + (3v — 2)E3 + (v — 3)Ey + (5v — 4)C if v € [3,1]

Moreover,

(P(v))* = {

We have Sg(Eq) = 2 Thus, 6p(S) < 3 for P € Ey\E,. Moreover, for such points we have

2 ifv e [0, 1]
hiv) =<4 32 5
(U) {5(1 v)2(5v 3) ifoe [%’1}

1- 2 ify € [0,4]
5(7)—1) ifvels1]

v ; 4
. )T ifve [075]
and P(v) - By = {5(1_1)) ifvels1]

Thus, S(WE; P) < 2 < 2. We get 6p(S) = 2 for P € (Ey U Ey)\(E2 U E3). Thus, 6p(X) =3. O

9. As; SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an Ay singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P. One has dp(X) = £.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and Ei, Es, F3, E, and Ej5 are the exceptional divisors
with the intersection:

1 .Ez .Es .E4
C
We have —Kg ~ C + Ey + Es + F3+ Ey+ E5. Let P be a point on S.
Step 1. Suppose P € Ejs. If we contract the curve C' the resulting surface is isomorphic to a weak

del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves and
(—2)-curves which form one of the following dual graphs:

B3

Asq A3 o A
a) b) ’
O o0 ‘ .E o—©0
l

E,. E, E; E;4 Ej y» E3 E4 Ej
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Then the corresponding Zariski Decomposition of the divisor —Kg — vFEs is:

a) P(v)— —Ks—UEg—%(E1+2E2+2E4+E5) ifve [ ]

' —Kg—vE3 — $(E1 +2F2 + 2B, + Es5) — (v —1)(Ag1 + Asp) if v € [1,3]
N(v) = §(E1+2E2+2E4+E5)1fve[ 1] ‘ .
g(El +2F9 +2FE4 + E5) ('U — 1)(14371 + A372) ifve [1, 5]

b) P(o) = —Kg —vE3 — $(E1 + 2E; 4+ 2E4 + E5) if v € [0,1]
) —Ks—vEg—g(E1+2E2+2E4+E5) (U—l)(2A3+B3) ifve [ %]

N(U) _ %(El +2FE3 +2E4 + E5) if [ ]
%(El +2Fy +2E, + E5) (?} — 1)(2A3 + Bg) ifve [ %]

The Zariski Decomposition in part a). follows from

3
_KS — ’UE3 ~R (— — U)Eg +

1
5 = <E1 +2E, +2E, + E5 + Asq + A3,2>

2

A similar statement holds in other parts. Moreover,

(P(v))* = {%3_21; llfoU: [[O 31]}

3

2v
‘ B 3 lfU < |:07 1]
and P(U) ES - {2( _ 2?1’) ifve [17 %]

We have Sg(E3) = %. Thus, dp(S) < g for P € E3. Moreover, if P € FE3 N (Ey U Ey) or if

Pe E3\(E2 U E4) we have

= ifv e |0,1 = ifv e |0,1
h(v) < {2?3 ) 4 v[e H 3] or h(v) < {2?3 22(4@ 3[) f}v c [17%}

Thus, S(WE; P) < I <2or S(WE; P) <3 <2 Weget dp(S) =L for P € Ej.

Step 2. Suppose P € E2 U Ey. Without loss of generality we can assume that P € FE, since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
and (—2)-curves which form one of the following dual graphs:

A
A, “3’3 Az

) . o A2 .Bz Co
' b) @ o\ /
a) Az,f‘\ /- AR B, /
M ® E5 .E1 E, "E3 E; Es

Ey
E1 E2 E?, E4 E5
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Then the corresponding Zariski Decomposition of the divisor —Kg — vFEs is:

2 P(o) = —Kg —vEy — $(2E1 + 3E3 + 2E, + Es) if v € [0,1]
—Kg —vEy — %(2E1 4+ 3E3 + 2E4 + E5) — (v — 1)(Ag1 + A2 2 + Ag3) if v € [1, %]
N(v) = $(2E1 +3E3 4+ 2B, + Es) if v € [0,1]
Y(2E1 + 3E3+ 2By + E5) + (v — 1)(Ag1 + Ao + Agg) if v € [1, %]
b).  Plo)= —Kg —vEy — $(2E1 4+ 3E3 + 2E, + Es) if v € [0,1]
—Kg—vEy — %(2Ey 4+ 3E5 + 2E4 + E5) — (v —1)(2421 4 Bay + Asp) if v € [1, 4]
N(v) = Y(2E1 + 3F3 + 2E4 + E5) if v € [0,1]
Y(2E1 4+ 3F3 + 2E4 + E5) + (v —1)(2A421 4+ Ba1 + Agp) if v € [1, 3]
0 Plo) —Ks —vEy — $(2E1 4+ 3E3 + 2E, + Es) if v € [0,1]
N —Kg—vEy — (U—l)(3A2+B2+CQ) ifve [ ]

(
(2E1 +3F3 4+ 2F4 + Es
(
(

) =
2E1 4+ 3E3 + 2B, + E5) if v € [0,1]
)+ (U—l)(3A2+B2+CQ) ifve [ ]

—

<

~—
/—’h\
INISISNISEIRNS Me

2F1 +3E5 +2FE4 + E5

The Zariski Decomposition in part a). follows from

1
3 <2E1 +3E3 +2E, + Fs + Ay + Ago + A2,3)

A similar statement holds in other parts. Moreover,

4
~Ks vy~ (5 =) Ba+

s J1-2ifve0,1] _JEifve[0,1]
(P(v))” = {&lme[ Lo P<U)'E2_{3(1—%Tv) if v e [1,4]

We have Sg(Fs) = g. Thus, §p(5) < % for P € Ey. Moreover, if P € E; N E; or if P € Ey\(E1 U E3)
we have

o 1fv€[01} —1fv€[01}
h(v) < 9 sB0_n)Go-12 or h(v) < 9 §(3u—1)(4—sv
{—( e ifv e 1,4 Hogemd iy e 1,4
Thus, S(WE; P) < 2 < T or SWE; P) <3 < I Wegetdp(S) =2 for Pe (ExUE)\Es.
Step 3. Suppose P E E1 U Es. Without loss of generality we can assume that P € E) since the
proof is similar in other cases. The Zariski decomposition of the divisor —Kg — vE; ~ C' + (1 —
U)El =+ E2 —+ E3 + E4 + E5 1S given by

Py = { Bs—vEr= 2(4Ey + 3E5 + 2B, + E5) if v € [0, 2]
—Ks —vEy — (20 = 1)B — (3v = 2) By — (4v — 3) By — (5v — 4) B5 — (6v — 5)C if v € [3,1]

N(v) = Y(4E, + 3E3 4+ 2E, + Es) if v € [0, 2]
(20 — 1) B> + (3v — 2) B3 + (4v — 3)Ey + (5v — 4)E5 + (6v — 5)C if v € [2,1]

Moreover,
2 1——1fv€[0 2] o Lifve0,2]
(Pl))y = {6@ Cipifee sy mAP0B= {6(1 —v)ifve [2,1]
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We have Sg(Ey) = 1z. Thus, 6p(S) < 33 for P € Ei\E,. Moreover, for such points we have

B ifve[0,3]
h(v) = {6(1 —v)(3v—2) if v € [2,1]

Thus, SWEL P) < & < 15 We get 0p(S) = 15 for P € (EyU E5)\(E2U Ey). Thus, 0p(X) =2 O

10. Ag SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an Ag singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P. One has dp(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C' is a strict transform of C on S and E,, F», F3, E4, Fg and E; are the exceptional
divisors with the intersection:

.E1 .E2 .E3 .E4 .E5

c

We have —Kg ~ C + Ey + Es + Es+ Ey + E5 + Eg. Let P be a point on S.

Step 1. Suppose P € E3 U E,;. Without loss of generality we can assume that P € FEj3 since the
proof is similar in other cases. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
and (—2)-curves which form the following dual graph:

.1.E o0

> FE3 Ey Es Fg

Then the corresponding Zariski Decomposition of the divisor —Kg — vFEj is:

—Kg —vE3 — 5(4F) + 8E5 + 9E4 4+ 6E5 + 3Eg) if v € [0,1]
P(U) =< —Kg—vk3 — 11)—2<4E1 + 8y +9FE, + 6F5 + 3E6) — (U — 1)143 ifve [1, %]
—Kg —vE; — Y(Ey 4+ 2E,) — (v —1)(3Ey + 2E5 + Eg + As) — (3v — 4)Aq if v € [3, 2]
L(4E, 4+ 8B, + 9E, + 6F5 + 3Eg) if v € [0,1]
N(v) = { 2(4E) + 8Fy + 9B, + 6F5 4 3Eg) + (v — 1) Az if v € [1, 3]
Y(Ey 4 2E5) + (v — 1)(3E4 + 2E5 + Eg + As) + (3v —4) Ay if v € [5, 3]

The Zariski Decomposition in part a). follows from

3 1
_KS —UE3 ~R <§ —’U>E3+ §(E1 +2E2+3E4+2E5+E6+A3+A4>

Moreover,
- 1fve[o,1} ifv e [0,1]
(P(v))? = 2—21}—1— 1fv€[,§} and P(v)-E3=¢1—5ifve[l,3]
@ﬁve[g,g} 4(1—-2)ifv e [3, 3]
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We have Ss(Fs3) = g. Thus, dp(S) < % for P € E5. Moreover, if P € EsN Az or if P € E3N Esy or if
Pe E3\<E2 U Ag) we have

4902 - 16102 17502
g o el s dee el

h(v) < W if v 64 1, %] or h(v) < W if v 64 1, %] or h(v) < W if v 64[ ,%]
Se=geifv e [3,3] S ifv € [3, 3] se=gifv e [3, 3]

Thus, S(W/; P) <
Pe FE3UE,.

Step 2. Suppose P € E> U E5. Without loss of generality we can assume that P € FE, since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves

and (—2)-curves which form one of the following dual graphs:

£ < Sor SWEIP) <2 < 5or S(WE;P) <8 We get 5p(5) = § for

36 9 9

Azq
IAal
1 E» E3 Ey

Then the corresponding Zariski Decomposition of the divisor —Kg — vFEj is:

E, E; 3E4 E; Eg

—Kg —vE; — & (5E, + 8FE3 + 6E4 + 4E5 + 2Eg) if v € [0,1]
a). P(v)=q-Kg—vE;— {5(5E1 +8FE3+6E; 4+ 4E5 +2Eg) — (v — 1)(Ag,1 + Azp) if v € [1, %]
—Kg —vEy — 2By — (v—1)(4E3 + 3E4 + 2E5 + Eg + As1 + Agp) — (dv — 5) Az if v € [2, 1]
15 (5E1 + 8E3 4+ 6E4 + 4E5 + 2Eg) if v € [0, 1]
N(U) = 1%(5E1 +8F3 +6F4 + 4FE5 + 2E6) (’U — 1)(142,1 + A272) ifve [1, %]
YEy+ (v —1)(4F3 + 3E4 + 2E5 + Eg + A1 + Ag2) + (v — 5)As if v € [3, 3]
—Kg —vEy — {5(5E1 + 8E3 + 6y + 4E5 4 2Es) if v € [0,1]
b).  P(v) =< —Kg—vE; — {5(5E1 +8F3 + 6E4 + 4E5 + 2Fg) — (v — 1)(242 + By) if v € [1, 3]
—Kg—vEy — $E1 — (v—1)(4E5 + 3E4 + 2E5 4+ Fg + 242 + By) — (v —5) Az if v € [3, 3]

(5E1 +8FE3+6E,+4FE5 4+ 2Fs) if v € [O, 1]
N(v) = ¢ 3(5E1 +8E3 4+ 6E + 4E5 + 2Eg) + (v — 1)(242 + Bs) if v € [1, 2]
E1+ (v—1)(4E3 + 3E4 + 2F5 + Eg + 2A2 + By) + (v — 5) Az if v € [§, 3]

SRS

NS =

The Zariski Decomposition in part a). follows from

4
_KS — UEQ ~R <— — U)EQ +

1
y - (2E1 4B, + 3B, + 2B5 + Eg + Agy + Apsy + A3>

3

A similar statement holds in other parts. Moreover,

1— T 1fve[o,1} ™ ifve [0,1]
(P(v))* =143~ 4v—|— B ifpe [1,2]  and P(v)- B, =<2 ifpe [,
Mﬂve[ 3(2 — )1fU€[

4’3]
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We have Ss(Es) = 2. Thus, 6p(S) < 33 for P € E. Moreover, if P € E;NE) or if P € E»\(E;UE3)
we have

L9 if v € [0,1] % if v € [0,1]

h(v) < —(13”*23383”*20) ifve [1, ?J or h(v) < —(13”722)0(57”*20) ifve [1, ﬂ
3(3v—4)(7Tv—12) . 3(3v—4)(v—4) -
ol ey e 13,4 ot ey e [3.4

Thus S(WFz; P) < 22 < B or SWE; P) < 2 < 22 We get 6p(S5) = 32 for P € (E,UE;)\(E3UEy).
Step 3. Suppose P € E; U Fg. Without loss of generality we can assume that P € FE; since the
proof is similar in other cases. The Zariski decomposition of the divisor —Kg — vE; ~ C' + (1 —
v)Ey + FEy + E5 + Ey + Es + Eg is given by:

Plv) = {—KS — 0By — Y(5E; + 4E3 + 3E4 + 2B5 + Eg) if v € [0, 8] |
~Ksg—vE; — (2v—1)E; — (3v —2)E3 — (4v — 3)Ey — (5v — 4)E5 — (6v — 5)Eg — (Tv — 6)C if v € [2,1]
N(v) = { é(nglJ)r ;Ej zrg 3]34; 2E5 + Ei) if v e [0, 2}7 i - .
2+ (30— 2) B3 + (4v — 3)Ey + (5v — 4)Es5 + (6v — 5)Eg + (Tv — 6)C if v € [8,1]
Moreover,

1- T2 ify € [0, 8]
T(v—1)%ifv e [¢1]

, ~ifv e [0,¢]
(P(v)) —{ T(1—v)ifv e [¢,1]

We have Sg(E1) = 5. Thus, 6p(S) < 35 for P € E1\E,;. Moreover, for such points we have

4902 i e [0 Q}
hiv) — d 72 1 T
(v) {w if ve[81]

and P(v) - By = {

Thus S(WE; P) < 5 < 23 We get 0p(S) = 31 for P € (Ey U Eg)\(E> U Es). Thus, 0p(X) =2. O

11. A7 SINGULARITY WITH REDUCIBLE RAMIFICATION DIVISOR ON DU VAL DEL PEZzO
SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an A; singularity at point P. X can be

realized as the double cover X 22 P(1,1,2), which is ramified along a sextic curve R € P(1,1,2).
Suppose R is reducible. Let C be a curve in the pencil | — Kx| that contains P. One has ép(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and Ei, Es, Es, E,, E5, Fg and E; are the exceptional
divisors with the intersection:

.E%' woﬁ

c

We have —Kg ~ C+E1+Es+E3+E,+Es+ FEg+FE7. Let P be apoint on S. If the ramification divisor
R is reducible, then this implies the existence of a (—1)-curve A4 which intersects the fundamental
cycle only at F, and this intersection is transversal.

Step 1. Suppose P € Ej4. If we contract the curve C' the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves and
(—2)-curves which form the following dual graph:
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A,

.‘.“..
E, E, E;s Ey Es FE¢ Ey

Then the corresponding Zariski Decomposition of the divisor —Kg — vFj is:

P(o) = —Kg —vEy — %(Ey + 2E, + 3E3 + 3E5 + 2Es + E7) if v € [0, 1]
—Kg —vEy — %(Ey 4+ 2B, 4+ 3E3 + 3E5 + 2Es + E7) — (v — 1) Ay if v € [1,2]

N(v) = Y(Ey + 2B + 3F5 + 3E5 4+ 2Eg + Er) if v € [0,1]
Y(Ey 4+ 2E5 + 3F5 + 3E5 + 2Es + E7) + (v — 1) Ag if v € [1,2]

The Zariski Decomposition follows from
1
—~Ks—vEy ~g (2= v)By+ 3 (E1 4 2F, + 3F; + 3Fs + 2B + Er + 2A4>
Moreover,

1-%ifve [0,1]

9 5 s itve 0,1
(Plv)” = {% it ve [1,2] "l

d P(v)- Ey

and P(v) {1—-) if v e [1,2]

We have Sg(E,) = 1. Thus, 0p(S) < 1 for P € E,. Moreover, if P € E;N (E3 U Es) or if
P e E4\(E3 U E5) we have

R 2 if v € [0,1
h(v) < {m[ﬁv}e g h(v) < {(82—v><+—2>[ifv]e [1,2]

4

Thus S(WE; P) < 4 <1lor SWEs;P) <4 <1. We get 6p(S) =1 for P € E,.
Step 2. Suppose P € E; U E5. Without loss of generality we can assume that P € Fj since the
proof is similar in other cases. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves

and (—2)-curves which form the following dual graph:
oA,

.‘."..
E, E;, E; Ey Es FEg Ey

Then the corresponding Zariski Decomposition of the divisor —Kg — vFj is:

—Ks—vE; — %(Ey + 2E5) — (v — 1)(4Ey + 3E5 4+ 2E6 + E7) — (v — 5) Ay if v € [2,

N

]

(o) {—KS —vE3 — %(5E) + 10E; + 12E, + 9E5 + 6Eg + 3E7) if v € [0, 2]
V) =

L(5E) 4+ 10E, 4+ 12E4 4+ 9E5 + 6Es + 3E7) if v € [0, 2]

N(U) — 15 4 ' s 3

Y(E1+2E>) + (v —1)(4E4 4+ 3E5 + 2Es + E7) + (4v — 5) Ay if v € [2, 3]

The Zariski Decomposition follows from

3
K — vE; ~g (5 _ U)Eg +5 <E1 2B, + AE, + 3Es + 2E¢ + By + 2A4)
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Moreover,
1— 1fve[0§} S—Uifve[O 2]
P 2 = 4 d P . E — 15
1

We have Sg(FE3) = % Thus, 6p(S) < 37 for P € E3. Moreover, if P € E3\E; we have

U™ ity e [0, 3
h(v) < {8(225) 3)(v—3) [ i
5

ifve [2,%}

Thus, S(WEs; P) < 2 < 15. We get 6p(S) = 35 for P € (E3U E5)\Ey4.

Step 3. Suppose P € Eg U Fgs. Without loss of generality we can assume that P € E, since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
and (—2)-curves which form one of the following dual graphs:

L — e — @5
2,2 %, B,
a) A2»1 b)
[ o0 0O L ) o . C Q L)
E, Ey;, Es E, Es E¢ E; E, E; E3 Ey E5; E¢ E;

Then the corresponding Zariski Decomposition of the divisor —Kg — v Fj is:

a). Pl = —Kg —vEy — §(3Ey + 5E3 4+ 4B, + 3F5 + 2Es + Ey) if v € [0,1]
' —Kg —vEy — %(3Ey + 5E3 + 4E4 + 3E5 + 2Eg + Er) — (v — 1)(A21 + Agp) if v € [1, 3]
N(v) = 2(3E1 + 5E3 4+ 4B, + 3E5 + 2Eg + E7) if v € [0,1]
%(3E1+5E3+4E4+3E5—|—2E6+E7) (’U—l)(AQ’l‘{—AQ’Q) ifve [1,%]
b) o) —Kg —vEy — $(3Ey 4+ 5F5 + 4E4 + 3E5 + 2Fg + Ey) if v € [0,1]
V) =
—Kg —vEy — Y(3Ey + 5E3 + 4E, + 3E5 + 2Eg + Er) — (v — 1)(242 + By) if v € [1, 3]

)

§( ) —
N(v) = Y(3Ey + 5E3 + 4E, + 3E5 + 2E6 + Er) if v € [0,1]
Y(3Ey + 5E3 + 4E4 + 3E5 + 2Eg + Er) + (v — 1)(242 + By) if v € [1, 3]

The Zariski Decomposition follows from
3 1
_KS — UEQ ~R (5 — U) E2 + Z <3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7 + 2A271 + 2A2’2>
Moreover,
1-2%ifve [0,1]
P(v))? =
(P(v)” = {(3 2v)2 1fv€[ 3]

3

2v
‘ B 3 lf’U < |:07 1]
and P(v) - Ey = {2( _ %’U) ifve [17 %]

We have Sg(FEs) = g. Thus, dp(S) < ¢ 2 for P € Ey. Moreover, if P € E;NE) or if P € Ey)\ (£ U E3)
we have
5% if v e [0,1] 22 if v € [0, 1]
h(v) < {(31;_33(11—6) ifoe[1,3] or h(v) < 2?3_213(41}—3) ifoe[1,3]

Thus S(W[f2; P) < 2 <2 or S(WF2; P) < 3 < 2. We get 0p(S) = 2 for P € (Ey U Eg)\(E1 U Ex).
Step 4. Suppose P e El U E;. Without loss of generality we can assume that P € F; since the
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proof is similar in other cases. The Zariski decomposition of the divisor —Kg — vFE} is given by:

Po) = —Ks —vEy — 2(6E2 4+ 5E3 + 4E4 + 3E5 + 2E6 + Er) if v € [0, %]
—Ks —vE1 — (2v—1)E; — (3v — 2)E3 — (4v — 3)Eq — (5v — 4)E5 — (6v — 5)Es — (Tv — 6)E7 — (8v — 7)C if v € [£,1]

N@) = 2(6B2 + 5B5 + 44 + 3E5 + 2Es + Er) if v € [0, 7]
(20 = 1) B + (3v — 2) B3 — (4v — 3) Ea + (5v — 4) Es + (6v — 5) o + (Tv — 6)C if v € [, 1]

Moreover,
v? v -
by {1 F e ] 2itve0.F]
8(v—1)%ifve L1 8(1—v) ifve [£1]
We have S5(E;) = g. Thus, dp(S) < g for P € F1\Fy. Moreover, for such points we have
hv) = 2 if v € [0, 1] | 7
8(1—v)(3v—4)ifve [L1]
Thus, S(WE; P) < g2 < 3. We get 6p(S) = £ for P € (E1 U E7)\(E> U Eg). Thus, 6p(X)=1. O

] and P(v) - Ey = {

12. A7 SINGULARITY WITH IRREDUCIBLE RAMIFICATION DIVISOR ON DU VAL DEL PEZzO
SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an A; singularity at point P. X can be realized

as the double cover X 25 P(1,1,2), which is ramified along a sextic curve R € P(1,1,2). Suppose

R is irreducible. Let C be a curve in the pencil | — Kx| that contains P. One has 0p(X) = 12.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and Ey, Es, Fs, E,, E5, Fg and E7; are the exceptional
divisors with the intersection:

.E'l ‘Eg ‘E3 ‘E4 .E5 .Eﬁ 7

C

We have —Kg ~ C + Fy+ Es + Es+ Ey+ Es + Eg+ E7. Let P be a point on S. If the ramification
divisor R is reducible, then this implies that there is no (—1)-curve that intersects the fundamental
cycle only at Ej.

Step 1. Suppose P € Ej. If we contract the curve C' the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves and
(—2)-curves which form the following dual graph:

o4, oA

.E1 .E2 ¢E3 'E4 LE5 .Ee .E7

Then the corresponding Zariski Decomposition of the divisor —Kg — vFj is:

Plv) = {—Ks —vEy — §(E1 + 2B, + 3E3 + 3E5 + 2Eg + Er) if v € [0, 5]

—Ks—vEy — (v—1)(Ey 4+ 2E> + 3E3 + 3E5 + 2Eg + E7) — (3v — 4) Az if v € [3, 2]
Y(E1 + 2B + 3F5 + 3E5 4+ 2Eg + Er) if v € [0, 3]
N(v) =<4 3
(v—1)(E\ + 2B, + 3F3 4+ 3E5 + 2Eg + E7) + (3v — 4) Az if v € [3, 2]
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The Zariski Decomposition follows from

3 1
_KS —'UE4 ~R (5 —’U>E4+§<E1 +2E2+3E3—|—3E5+2E6+E7+2A3)
Moreover,
1-2ifve [0,4] vif v e [0, 4]
(P(v))?* = 2 ] 3 and P(v) - By = < 2 73
(3—2v)%ifve [% 3] 23— 2v) ifv e [4,3]

We have Sg(E,) = 1£. Thus, 6p(S) < 1 for P € E;. Moreover, if P € E; we have

\1'00

- %ifz}e [0,5]
2B -2vwifve |3,

Thus S(W/2; P) < 1Z. We get 6p(S) = 2 for P € Ej.
Step 2. Suppose P € F3 U E5. Without loss of generality we can assume that P € FEj3 since the
proof is similar in other cases. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
and (—2)-curves which form the following dual graph:

el d e

s+ Es Fs E7

h(v

~—

N

]

Then the corresponding Zariski Decomposition of the divisor —Kg — vFEj is:

—Kg —vE3 — 2(5E) + 10E> + 12E4 + 9E5 + 6E¢ + 3E7) if v € [0,1]
P(v) = § —Kg —vE3 — 2(5E + 10E> + 12E4 + 9E5 4+ 6Eg + 3E7) — (v — 1)Ag if v € [1, 3]
—Kg—vE3— (v—1)(Ey +2E2 + A3) — 7(4E4 + 3E5 + 2E6 + E7) —(2v—-3)Agifv € [%7 %]
£ (5F1 4+ 10E; + 12E4 4+ 9E5 + 6Eg + 3E7) if v € [0, 1]
N(v) = %(5E1 + 10E2 + 12E4 + 9E5 + 6FEg + 3E7) + (v —1)As if v € [1, %]
('U — 1)<E1 + 2E2 + A3) + %(4E4 + 3E5 + 2E6 + E7) + (21} — 3)A2 ifove [%, %]
The Zariski Decomposition follows from

) 1
_KS — UEg ~R (g — 'U)Eg + §<2E1 + 4E2 + 2A3 + 4E4 + 3E5 + 2E6 + E7 + 2142)

Moreover,
1- 22 ify e [0,1] 2if v e [0,1]
(P(v))* = 2—21)+7L1fve[1,%] and P(v) - E3=¢1—Tifve[l,3]
CFE it e [5.5] 3(1=%)ifve 3,3

We have Sg(E3) = }—;. Thus, dp(S) < 3 18 for P € FE5. Moreover, if P € EsN Az orif P € E3N Ey we
have

—32”52 if v € [0,1] 1;3” if v e [0,1]
h(v) < (15_772&%31] 15) if o € [1,3]  orh(v) < % if v e [1,3]
3(5=3v)(v+5) 35 3(5—3v)(11v=5) . 3 5
50 if ve[3 3] 50 if v e [3,5]
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Thus S(WEs; P) < 45 < 1£ or S(WFs; P) < 3t < 1L We get 6p(S5) = 2 for P € (E3 U E5)\Ey.

Step 3. Suppose P € Ey; U Eg. Without loss of generality we can assume that P € FE, since the
proof is similar in other cases. Then the Zariski Decomposition of the divisor —Kg — vFEj is:

—Kg —vEy — %(3E, + 5E3 + 4Ey + 3E5 + 2Eg + E7) if v € [0,1]
P(v) = —Kg —vE; — 2(3F\ + 5E3 + 4E4 + 3E5 + 2Fs + E7) — (v — 1) Ay if v € [1, §]
—Ks—vEy — 2By — (v—1)(5E3 + 4By + 3F5 + 2Es + Er + Ag) — (5v — 6) Az if v € [£, 1]
Y(3E1 + 5E5 + 4E, + 3E5 + 2Es + Er) if v € [0,1]
N(v) = { 2(3E1 +5E3 + 4E4 + 3E5; + 2E + Er) + (v — 1) Ay if v € [1, §]
YEy + (v—1)(5E3 + 4Ey + 3E5 + 2Eg + E7 + Ay) + (5v — 6) Az if v € [, 3]

Moreover,
1-2ifv e [0,1] 2 ify € [0,1]
(P(v))? = 2—212;+§ifve[1,g} and P(v) - B, =< 1—2ifve [1,9]
Uit e [5.4) 32y itve 84

The Zariski Decomposition follows from

4 1
_KS - UEQ ~R (5 - U)EQ + §<2E1 + 5E3 +4E4 —|—3E5 + 2E6 + E7 + A2 + 2A3)

We have Ss(E») = 3L, Thus, 6p(S) < 32 for P € E. Moreover, if P € E;NE) or if P € E»\(EjUE3)
we have

2 ifv e [0,1] 22 if v € [0,1]
h(v) < W ifvell 8 or h(v) < W ifvell?]
3(31;—4)8(71;—12) ifoe [g, %] 3(3v—4;(5v—8) ifoe [g’ %1}

Thus, S(WEz; P) < 33 < 3L or S(WE2; P) < 22 < 31 We get 6p(S) = 32 for P € (E2UEg)\(E3UES).
Step 4. Suppose P € E; U E;. Without loss of generality we can assume that P € FE; since the
proof is similar in other cases. The Zariski decomposition of the divisor —Kg—vE; ~ C+ E; + Ey+
Es+ Ey+ Es + Eg + E; is given by:

P(o) = —Ks —vE) — 2(6E> + 5F3 + 4E4 + 3E5 + 2Es + E7) if v € [0, {]
—Ks —vE1 — (2v—1)E; — (3v — 2)E3 — (4v — 3)Eq — (5v — 4)E5 — (6v — 5)Es — (Tv — 6)E7 — (8v — 7)C if v € [£,1]

N(v) = 2(6E2 4+ 5E3 + 4By + 3E5 + 2Es + Er) if v € [0, ]
(20— 1)E> + (3v — 2)FE3 + (4v — 3)Es + (5v — 4)E5s + (6v — 5)Es + (Tv — 6)C if v € [£,1]

Moreover,

(P(v)* = {
We have Sg(Ey) = 3. Thus, 6p(S) < £ for P € E\E,. Moreover, for such points we have

B 3232 ifve [07 %]
h(v) = {8(1 —0v)(3v—4)ifv e [g’ 1]

1- 82 ifv e [0, 1]
8(v—1)?ifve [L,1]

87”ifv€ {0,%]

and P(v) - By = {8(1 —v) ifve [L1]

Thus, S(WE; P) < 18 < 3. We get 6p(S) = & for P € (B U Er)\(E> U Eg). Thus, 6p(X) = 2. O
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13. Ag SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1
Let X be a singular del Pezzo surface of degree 1 with an Ag singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P. One has dp(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and F4, Es, Es, E4, E5, Fg, E7 and Eg are the exceptional
divisors with the intersection:

1 .Ez .Es .E4 .Es .Es .E7

We have —Kg ~ C + E1+ Ey+ E3+ Ey+ Es + Eg + E7 + Eg. Let P be a point on S.

Step 1. Suppose P € E; U E5. Without loss of generality we can assume that P € Ej since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
and (—2)-curves which form the following dual graph:

A3
. @ o O L O
E, E; E3 E; Es; E¢ E; Eg

Then the corresponding Zariski Decomposition of the divisor —Kg — vFE} is:

P(o) —Kg —vE; — $5(5E1 + 10E; 4+ 15F3 + 16 E5 + 12Eg + 8E7 + 4E3) if v € [0, 3]
V) =
—Kg—vE, — (v —1)(E1 4 2B + 3E3) — 2(4E5 + 3E¢ + 2E7 + Eg) — (3v — 4)As if v € [3, 3]

N

]

N(v) 2 (5E1 + 10E, + 15F3 + 16 E5 4+ 12Eg + 8F7 + 4F3) if v € [0,
V) =
( )4z if v € [3, ]

v —1)(Ey + 2F; + 3F3) + £(4E5 + 3Es + 2E7 + Eg) + (3v —

St

The Zariski Decomposition follows from

5 1
Ky —vE; ~g (5 _ v) B+ <2E1 4 4y + 6Fs + AFs + 3Es + 2E- + Fys + 3A3)

Moreover,

] C(2itve[0,1]
a“‘“‘P@)‘E‘*‘{s( _ )ity e [4,2]

1— 2 ify e

(P(U))2 {(5 311)2 ifoe [[4_1’

We have Sg(FEy) = 1. Thus, 0p(S) < 1 for P € E;. Moreover, if P € E,N E5 or if P € Ey\E5 we

have
3697 5f v € [0 3510% ) ¢ 0,
h(v) < {3?:91; 5)(v—15) [ } or h(v) < 9???3 5)(5—7v) [ 3}

wlot
O~

2 if v e [33] o if v e [3,3]

Thus, S(W/2; P) < 1. We get 6p(S) =1 for P € E,; U Es.

o0

Step 2. Suppose P € E3 U E5. Without loss of generality we can assume that P € FEj5 since the
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proof is similar in other cases. The Zariski Decomposition of the divisor —Kg — v Fj3 is:

P(o) K —vE3 — Y(2E, + 4B, + 5E, + 45 + 3Es + 2B, + Eg) if v € [0,1]
v) =
—Ks —vEs — Y(2Ey + 4By + 5By + 4B5 + 3Es + 2E; + Bg) — (v — DAz if v € [1,2]

)~
Nw) = Y(2Ey + 4E5 4+ 5B, + 4E5 + 3Eg + 2E; + Eg) if v € [0,1]
Y(2E) 4+ 4By + 5B, + 4F5 + 3Eg + 2E; + Es) + (v — 1) A3 if v € [1,2]

The Zariski Decomposition follows from

1
—Ks —vE3 ~g (2—v)E3 + 3 (2E1 +4Ey + 5By + 4F5 + 3Es + 2E7 + Eg> + A

Moreover,
1-%ifve [0,1] 5 ifv e [0,1]

P(v))? ’ d P(v)- B3 =42 ’

(P(v))” = {(2 ) ity e [1,2} and P(v) - B {1_§if”€ [1’2}
We have Sg(E3) = 1. Thus, 6p(5) <1 for P € E3. Moreover, if P € EyNEy or if P € Ey\(Ey U Ey)
we have

1102 v?
if v e [0,1] s ifve [0,1]
h(v) < {(ﬁv)ﬁwﬁ) it o e [1,2] or h(v) < {w if v € [1,2]

Thus, S(WEs; P) < 2 <1or SWE: P) < 3 < 1. We get 6p(S) =1 for P € (E3U Eg)\(E4U E5).

.0

Step 3. Suppose P E Ey U Er. The Zariski Decomposition of the divisor —Kg — vFEj5 is:
(o) = {—KS —vEy — 4F) — (6E5 + 5Fy + 4E5 4+ 3E + 2E; + E7) if v € [0, ]

—Kg—vEy — %E; — (v—1)(6E3 + 5Ey + 4E5 + 3Eg + 2F; 4+ E7) — (6v — T)As if v € [L, 3]
Nw) = YFy + L(6E3 + 5Fy + 4E5 + 3Eg + 2E; + Ey) if v € [0, 1]
YEy 4 (v —1)(6E3 + 5Ey + 4E5 + 3Eg + 2E7 + E7) + (6v — 7)As if v € [I, 3]

The Zariski Decomposition follows from

4 1
K — 0By ~pg (— _ v> B+ (2E1 4 GEs + 5B, + AEs + 3Es + 2E, + By + 3A3)

3
Moreover,
1-— 1fv€[0q 9”ifv€[0 7]
Plo))? — 6 dP(v)-E,=41
P {—< toe 5y P {3< $)ifve 53]
6

We have Sg(FEs) = %. Thus, 6p(S) <

W7” it v e [0,
h(v) < {3?:’?3 4)(Tv— 12[ 6]

z for P € E,. Moreover, if P € E;\E3 we have

8 if v e [%’%]

Thus

716 20702 43 3(3v — 4)(Tv — 12)
SWeei P) < ( o 392 T 8 ”)

We get 5P(S) = g for P € (EQ U E7)\(E3 U E6)
Step 4. Suppose P € E; U Eg. Without loss of generality we can assume that P € FE; since the

1<5
4 6
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proof is similar in other cases. The Zariski decomposition of the divisor —Kg — vE; ~ C + (1 —
U)E1 + EQ + E3 + E4 + E5 + E6 + E7 + Eg is given by

Plo) = {—KS —vE) — 2(7TE2 + 6B3 + 5E4 + AEs5 + 3Eg + 27 + Es) if v € [0, ]

*KS —vE — (21) - I)EQ - (3’U - 2)E3 - (4v - 3)E4 - (5’U - 4)E5 - (6v - 5)E6 - (7’U - 6)E7 - (8v - 7)Eg - (Q’U - 8)0 ifve [%,

v : 8
N(v) {8(7E2 +6Es +5E4 +4E5 + 3Eg + 2E7 + Es) if v € [0, §]

(2v — 1)E2 + (3v — 2)E3 + (4v — 3)Es + (50 — 4)E5 + (6v — 5)Eg + (Tv — 6)Es + (9v — 8)C if v € [§,

Moreover,

(P(v))* = {

1-2if v e [0, 8]
9(v—1)%ifv e [§1]

®ifvelog]

and P(v) - By = {9(1 —v)ifve [§1]

We have Sg(Ey) = 5. Thus, 6p(S) < 3L for P € E1\E,. Moreover, for such points we have

81v? if o) [0 §}
h(v) = 128 ! "9
(v) {w itve[31]

Thus, SWE; P) < 32 < 3I. We get 0p(S) = 3L for P € (Ey U Eg)\(E;U Er). Thus, 6p(X) =1. O

14. D, SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an D, singularity at point P. Let C be a curve
in the pencil | — Kx| that contains P. One has 6p(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E;, Fy and E3 are the exceptional divisors with
the intersection:

We have —Kg ~ C +2E + E; + E5 + E5. Let P be a point on S.
Step 1. Suppose P € E. The Zariski decomposition of the divisor —Kg — vE ~ (2 —v)E + E; +
Eg + E3 + C is:

P(o) = —Ks—vE — %(Ey + B> + E3) if v e [0,1]
—Ks—vE — By + Ey+ E3) — (v—1)C if v € [1,2]

N(v) = Y(Ey + E» + E3) if v € [0,1]
Y(Ei+ Ey+ E3)+ (v—1)Cifv € [1,2]

Moreover,

1—2ifve [0,1] 5 ifve [0,1]
p 2 _ 2 Pv) - E =122
(P()) {—@—;)2 if v e [1,2] and Plo) {1 —3ifve[12]
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We have Sg(E) = 1 Thus, 6p(S) < 1 for P € E. Moreover, if P € EN (£ U Ey U E3) or if
P € E\(E, U Ey U E3) we have

3 if v e [0,1] ifve [0.1]
o <A St Dl g e {EARS]

Thus, S(WE;P) < 2 <1lor S(W[,; P) <4 <1. Weget 6p(S) =1for P e E.

e.0)

Step 2. Suppose P € E, U FEy U E5. Without loss of generality we can assume that P € E;
since the proof is similar in other cases. The Zariski decomposition of the divisor —Kg — vFE; ~
C+2FE+ (1 —v)E; + Ey + Ej3 is given by:

P(v) = —Kg — vE; — ;—’(25 + Ey + E) and N(v) = 3(215 + By + Ey) if v e [0,1]
Moreover,
(P(v))>=(1-v)(14v) and P(v)- By =vif v € [0,1]
We have Sg(Ey) = 2. Thus, 6p(S) < 2 for P € Ey. Moreover, for E1\E such points we have

2

hv) < & v e [0,1]
Thus, S(WE P) < 3 < 3. We get 6p(5) = 2 for P € (Ey U E, U E3)\E. Thus, 0p(X) = 1. O

15. D5 SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an D5 singularity at point P. Let C be a curve
in the pencil | — Kx/| that contains P. One has dp(X) = £.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and E, E;, E5, F5 and E, are the exceptional divisors
with the intersection:

£, E E,
i
4
We have —Kg ~ C + F1 + Ey + 2E + 2FE5 + E4. Let P be a point on S.

Step 1. Suppose P € E. The Zariski decomposition of the divisor —Kg —vE ~ (2 —v)E + E; +
Ey+2E3+ E, + C is:
Pl) = { —Kg—vb — % 3E) 4 3B, +4E5 + 2E,) if v € [0, 2]
2

(
—Kg—vE — By + Ey) — (v—1)(2E3 + Ey) — (2v —3)C if v € [2,2]
(
(

3E) + 3B, +4E5 + 2E,) if v € [0, 2]
Ei+ Es) 4+ (v —1)(2E3 + Ey) + (2v —3)C if v € [3,2]

Moreover,

2—-v)?ifve[32 2—vifve [22]

(P(U))2: {1_% ifve [0,5} } and P(U)~E: {% ifve [0,5]
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We have Sg(FE) = . Thus, dp(S) < £ for P € E. Moreover, if P € EN(E\UE,) orif P € E\(EjUE,)

we have

202 - 3 502 - 3

—1fv€[0—} —1fv€[0—}

o) < 9 12 hiv) < & 18 12
(v) < {2 _vitve [5,9] or h(v) < {(Q—U)égv—z) ifoe[3,9]

Thus, S(WE; P) <2 < Zor SWE;P)<1<ZI Wegetdp(S)=2Sfor PekE.
Step 2. Suppose P € E1 U E,. Without loss of generality we can assume that P € F; since the
proof is similar in other cases. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
and (—2)-curves which form one of the following dual graphs:

A 13'
1,2
AU.'\\

i \\E—OE—J//

Then the corresponding Zariski Decomposition of the divisor —Kg — vFEj is:

2. Pl) = —Kg—vE) — £(6E + 3F; + 4F5 + 2Ey) if v € [0,1]
) —Kg—vE] — %(6E+3E2+4E3+2E4) (U—l)(A11+A12+A13+A14)lfUE[ ]
N(v) = L(6E + 3Ey 4 4F3 + 2E,) if v € [0,1]
Y(6F + 3By +4F5 + 2E4) + (v — 1)(A11 + A2+ A1 3 + Arg) if v € [1, 3]
b) P(o) —Kg —vE| — 2(6E + 3E; + 4F3 + 2Ey) if v € [0,1]
) —Kg—vE; — Y(6E 4+ 3Ey + 4F3 + 2Ey) — (v — 1)(2A11 + B1 + A12 + A1 3) if v € [1, 3]
N(v) = Y(6E + 3By + 4F3 + 2E,) if v € [0,1]
Y(6E 4+ 3Ey +4F3 +2Ey) + (v — 1)(2A11 + By + A12 + A1 3) if v € [1, 2]
0. PW) —Kg —vE) — $(6E + 3E; + 4F5 + 2E,) if v € [0,1]
—Kg —vE; — Y(6E 4 3Ey + 4F3 + 2E4) — (v — 1)(2411 + Bi1 4+ A12 + By o) if v € [1, 2]
N(v) = Y(6E + 3E; + 4F5 + 2Ey) if v € [0,1]
Y(6E 4 3By +4F3 +2Ey) + (v — 1)(2411 + Bi1 4+ A12 + By o) if v € [1, 2]

—Kg — E—f E E 4F; 2F,) if 1
a). P(v):{ g —vE; (6E + 3E, + 4E3 + 2Ey) if v € [0,1]

—Kg—vE| — 5(GE +3Ey +4FE3+ 2E;) — (v —1)(3411 + 2B1 + C1 + Ay ) if v € [1, 3]
N(v) = Y(6E + 3Ey 4 4F3 + 2E,) if v € [0,1]
Y(6F 4 3By + 4F3 + 2E4) + (v—l)(3A11+2Bl+C’1+A12) ifvelt,2]
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KS - ’UE1
KS - ’UE1

N(v)—{

The Zariski Decomposition in part a). follows from

6F + 3E, + 4E3 + 2Ey) if v € [0,1]

)

e). Pv)= { 6E + 3E> + 4E3 + 2E;) — (v — 1)(4A11 + 3B1 4+ 2C1 + Dy) if v € [1, 2]
)
)+

6F + 3E, + 4E3 + 2Ey) if v € [0,1]
6E + 3E> + 4E3 + 2E4) + (v — 1)(4A11 + 3B1 + 2C1 + Dy) if v € [1, 2]

—~~ —~~

v
5
v
5
v
5
v
5

5

1
—KS - UEl ~R <Z - ’U) El + - <6E + 3E2 + 4E3 + 2E4 + A171 + ALQ + A173 + A174>

4

A similar statement holds in other parts. Moreover,

, [1-22ifveo1] _J#ifvefo]
(P(v))* = {(5 4v)? 1fv€[ 5] andP(v)-E1—{4( ——)1fv€[ }

We have Sg(E1) = 2. Thus, 6p(S) < 5 for P € Ey. Moreover, if P € E\E we have
82 if v e [O 1]
h(v) << 2 ’

Thus, S(WE; P) < 2 < 2. We get 6p(S) = § for P € (Ey U Ey)\E.
Step 3. Suppose P E E3 The Zariski decomposition of the divisor —Kg — vFE3 ~ C' + E1 + Ey +
2FE 4+ (2 —v)E5 + Ey is:

po) = { Hs—vBs =3
—Kg—vE; — 2

N(U)Z{

(P(U))Q _ {%2_1)1;711:;}: [[O 21}]

E4+2E+E1+E2 1fv€[ }
Ey+2E+ E 4+ E) — (v—1)Cif v € [1,2]

( )
( ) =
(E4+2E+E1+E2)1 [ }
(Ey+2E+ Ei + E) + (v—1)Cif v € [1,2]

Nl e

Moreover,

L gifuelo,1]
and P(0) E3_{1—§1fue [1,2]

Now we apply the computation from Section [14] (Step 1.) and get that 6p(S) =1 for P € E5\E.
Step 4. Suppose P € E,. The Zariski decomposition of the divisor —Kg —vEy ~ C + E| + Fy +
2FE + 2E5 + (1 — v)Ey is given by:

P(v) = —Kg — vE, — g(zEg +2E + B, + ) and N(v) = g(2E3 +2E + By + By) if v e [0,1]
Moreover,
(P(v))>=(1-v)(14v) and P(v)- By =vif v € [0,1]

Now we apply the computation from Section |14] (Step 2.) and get that dp(S) = % for P € E4\Fs.

Thus, dp(X) = 2. O
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16. Dg SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an Dg singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P. One has dp(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and F, E, F,, E3, E, and Ej5 are the exceptional
divisors with the intersection:

N FE Ey
'Es

‘E4 C

s

We have —Kg ~ C + E1 + Ey +2FE + 2FE3 + 2E, + E5. Let P be a point on S.

Step 1. Suppose P € E. The Zariski decomposition of the divisor —Kg —vE ~ C+ E; + Ey+ (2 —
v)E + 2E3 + 2E4 + E5 is given by:

P(v) = —KS—UE—Z(2E1—|—2E2+3E3+2E4+E5) and N(v) = Z(2E1—|—2E2+3E3+2E4+E5) it v e [0,2]

Moreover,
2—v)(2
(P(v))? = w and P(v) - E = 2 if v € [0,2]
We have Sg(E) = %. Thus, 0p(S5) < % for P € E. Moreover, for such points we have
Tv? |
h('l}) S 3—2 if v € [O,2:|

Thus, S(WE,; P) < T < 3. We get 6p(S) =3 for P € E.
Step 2. Suppose P € E; U F,. Without loss of generality we can assume that P € FEj since the
proof is similar in other cases. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves

and (—2)-curves which form one of the following dual graphs:

A1,2> BlT

a) = b) A

E E FE 1 B E FE

A ' ’ ! s 2 \.

Es

E, E,
A “ o B e
L . DU
Al,l E3 5

E, E,

E's 5
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Then the corresponding Zariski Decomposition of the divisor —Kg — vE; is:

2).  Pl) = —Kg—vE) — $(4E 4+ 2F; + 3E5 + 2B, + E5) if v € [0,1]
) —Kg —vE; — Y(4E 4 2E5 + 3F3 + 2E4 + E5) — (v —1)(A11 + A1) if v € [1, 3]
N Y(AE + 2B, + 3F3 + 2E4 + E5) if v € [0,1]
V) =
%(4E +2F9 + 3k + 2FE, + E5) + (U — 1)(14171 + ALQ) ifve [1, %]
b b).  P(o) = —Kg—vE) — $(4E 4+ 2F; + 3E3 + 2B, + E5) if v € [0, 1]
o —Kg —vE) — 2(4E 4+ 2E5 + 33 + 2E4 + E5) — (v —1)(241,1 + By) if v € [1, 3]
Nw) = L(4E + 2By + 3E3 + 2E4 + E5) if v € [0,1]
v
%(4E +2F9 4+ 3FE3 + 2FE, + E5) + (’U - 1)(214171 + Bl) ifve [1, %]

The Zariski Decomposition in part a). follows from

3 1
_KS — UE1 ~R (5 — U) E1 + 5 (4E + 2E2 + 3E3 + 2E4 + E5 + Al,l + ALQ)
A similar statement holds in other parts. Moreover,

(P(0))? = {%3;, ifve [0,

TlfUE[ 3]

2v
‘ B 3 lfU < |:07 1]
and P(v)- By = {2( -2 ifve (1,2

We have Sg(Ey1) = 2. Thus, 6p(S) < & for P € Ey. Moreover, if P € E1\E we have

202 -
2 ife e [O 1]
h(v) << 7 ’
(U) = {2(21;—3&(411—3) ifoe [1’ %}
Thus, S(WF; P) < 5 < 2. We get 6p(S) = £ for P € (E1 U Ey)\E.
Step 3. Suppose P € Eg. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of

all the (—1) and (—2) curves is known so the Zariski decomposition of the divisor —Kg — vFE3 ~
CH+FE +Ey,+2FE+ (2—v)E3+2E, + FE5 is:

—Kqg—vE L
P(U) o S vy — 6
Ky —vB; —

3E; + 3E> + 6E + 4E, + 2E;5) if v € [0, 3]
2E+ E1+ Ey) — (v—1)(2Ey + E5) — (2v = 3)C if v € [3,2]

(
(
N(w) = Y(3E1 + 3E, + 6E + 4E, + 2E5) if v € [0, 3]
Y2E+Ei+ Ey) + (v —1)(2Es + E5) + (2v = 3)C if v € [3,2]

Moreover,

. 1—%if1}€[0,%] o Yifve [0,2]
(P(v)” = {(Z_U)g ifve [22] and P(v) - B3 = {2—1; ifve[3,2]

Now we apply the computation from Section (15| (Step 1.) and get that dp(S) = £ for P € E;\E.

Step 4. Suppose P € FE,. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of
all the (—1) and (—2) curves is known so the Zariski decomposition of the divisor —Kg — vEy ~
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C+E1—I—E2+2E+2E3+(2—U)E4+E5 is:

Po) = —Kg—vEy— (2B 4+ 2E + By + E» + E5) if v € [0, 1]
—Ks —vE; — $(2E3+ 2B+ Ey + By + E5) — (v—1)Cif v € [1,2]

)

3 ) —
N(U) %(2E3+2E+E1+E2+E5) if [ }
Y(2E3+2E + Ey + By + E5) + (v - 1)Cifve [1,2]

Moreover,

, [1-2Zitve[01] g J3ifve (0]
) _{—(2‘2”)2 T T e FE I

Now we apply the computation from Section [14] (Step 1.) and get dp(S) = 1 for P € E,\ Fs.

Step 5. Suppose P € E5. The Zariski decomposition of the divisor —Kg — vE5 ~ C' + Ey + Ey +
2F +2F3 4+ 2E, + (1 — v) E5 is given by:

P(v) = —KS—UE5—g(2E4+2E3+2E+E1+E2) and N(v) = %(2E4+2E3+2E+E1+E2) itve[0,1]

Moreover,
(P(v))>=(1—-v)(14v) and P(v)- Es =vif v € [0,1]
Now we apply the computation from Section |14] (Step 2.) and get that §p(S) = % for P € E5\E;.

Thus, dp(X) = 2. O

17. D7 SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an ID; singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P. One has dp(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and F, E;, Es, E3, F4, F5 and Eg are the exceptional
divisors with the intersection:

B, E Ey

We have —Kg ~ C + F1 + Es +2F + 2F3 + 2E, + 2E5 + Eg. Let P be a point on S.

Step 1. Suppose P € E. If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves and
(—2)-curves which form the following dual graph:

Al E1 E E2 A2
3
4

o
3
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Then the corresponding Zariski Decomposition of the divisor —Kg — vF is:

Plo) = ~Kg—vE — 3(E1 + Ep) — 2(4E3 + 3E, + 2E5 + Eg) if v € [0,2]
(v—1)(EL + Ey) — 4(4E5 + 3E4 + 2E5 + Eg) — (v — 2)(Ay + Ag) if v € [2, 5]

N(v) = S(E1+ BEy) + £(4E3 + 3E4 + 2E5 + Eg) if v € [0,2]
(v— )(E1+E2) Y(4E3 + 3By + 2E5 + Eg) + (v — 2)(A; + Ao) if v € [2, 5]

The Zariski Decomposition follows from

1
—<3E1 4 3Fy +AFs +3E, + 2F5 + Fg+ Ay + AQ)

5
—Kg—vE ~p (——U)E—l—z

2

Moreover,

,  J1-%ifvel0,2] _Jrifvelo,2]
(PO)* = {_(55% iroe 23] a“dp(”)'E_{w—%)ifve[2,%}

We have Sg(E) = 3. Thus, 6p(S) < 2 for P € E. Moreover, if P € EN Ej if P € E\E3 we have

= ifve (0,2 S ifv e (0,2
h(v) < {25(5 21;)5(2v+5[) if]v c [2’ g} or h(v) < {61}(5;521)) fE c }[27 g}

Thus S(WE,; P) < 5 <3 or S(WE,; P) < 55 < 3. We get 6p(S) =2 for P € E.

e.0)

Step 2. Suppose P € F1UE;. The Zariski decomposition of the divisor —Kg —vFEj is the following:
—Kg —vE, — 2(10E + 5E> + 8F3 + 6E, + 4E5 + 2E;) if v € [0,1]
P(v) = { —Kg — vE; — £(10E 4 5F5 + 8F3 + 6 E4 + 4E5 + 2Eg) — (v — 1) Ay if v € [1, 1]
—Kg —vE; — (v—1)(10E + 8E3 + 6E4 + 4E5 + 2Eg + A1) — (50 — 6)Es — (5v — T) Ay if v € [Z, 3]
2(10E + 5E5 + 8F5 + 6E4 + 4E5 + 2Eg) if v € [0,1]
and N(v) = { £(10E + 5E5 4+ 8F3 + 6E4 + 4E5 + 2Eg) + (v — 1) Ay if v € [1, 1]
(v—1)(10E + 8E3 + 6E4 + 4E5 + 2Eg + A1) + (5v — 6)Ea + (5v — T) Ay if v € [£, 3]

The Zariski Decomposition follows from

3
—KS—UE1NR<§—U>E1+ <2A2+3E2+5E+4E3+3E4+2E5+E6+A)
Moreover,
12 ify € [0,1] L if v e [0,1]
(P(v))* = 2—21)—|—3”21fv€[ %} and P(v) - E, = 1—37”ifv€[ %}
(3—2v)*ifve [L, 3] 2(3 —2v) ifve [I,3]

We have Sg(E3) = 5. Thus, 6p(S) < & for P € Ey. Moreover, if P € E)\E we have

&2 if v € [0, 1]
h(v) < 20T gy e [1, 1]
2(3—20)(2 —v) ifv e [L,2]

Thus, S(W/i; P)

.0

< 3 < & We get 0p(S) = 2 for P e (B, U Ep)\E.
Step 3. Suppose P

<
E3. The Zariski decomposition of the divisor —Kg — vE3 ~ C + Ey + Ey +

m ale
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2E + (2 —v)E5 + 2E4 + 2E5 + Ejg is given by:
P(v) = —Kg — vE; — Z(zE1 +2F, +4E + 3E, + 2E5 + E) if v € [0,2]

N(v) = 2(251 +2F, +4E + 3E, + 2E5 + E) if v € [0,2]
Moreover,
2—v)(2
(P(v))? = #4(‘*”) and P(v) - E5 = Z if v € [0,2]

Now we apply the computation from Section |16 (Step 1.) and get that dp(S) = % for P € E5\E.
Step 4. Suppose P € E4. The Zariski decomposition of the divisor —Kg — vEy ~ C 4+ Ey + Ey +
2F 4+ 2FE3+ (2 —v)Ey + 2E5 + Ej is:

-~ Koe—vE, - ¢
P(U): S VLvy 6
—Kg—vE; — ¢

N(U)Z{

1- 2 ifve0,2]
(2-v)?ifve [3,2]

(3E) 4 3B, + 6E + 6E5 + 4FE5 + 2Eg) if v € [0, 3]

(E1+ B>+ 2E 4+ 2E3) — (v —1)(2E5 + Eg) — (2v — 3)C if v € [3,2]
(

(

3Ey + 3By 4+ 6E + 6E3 + 4E5 + 2E) if v € [0, 3]
Ei + E> +2E 4 2E3) + (v — 1)(2E5 + Eg) + (2v — 3)C if v € [3, 2]

e ol

Moreover,

and P(U)-E4 — {% ifve [O, %}

2—vifve [22]

(P(v))* = {

Now we apply the computation from Section [15[ (Step 1.) and get that 6p(S) = £ for P € E4\Es.
Step 5. Suppose P € E5. The Zariski decomposition of the divisor —Kg —vE; ~ C + FEy + Ey +
2F +2F3+ 2E, + (2 — v)Es + Fy is:

Po) —Kg—vE; — 2(2E, + 2E3 + 2E + Ey + Ey + Eg) if v € [0,1]
—Ks —vEs — Y(2E; + 2E5 + 2E 4+ Ey + Ey + Eg) — (v — 1)C if v € [1,2]
N(v) = Y(2E4 +2E3 + 2E + Ey 4 Ey + Eg) if v € [0,1]
Y(2E4+2E3+2E + E1 + B> + Eg) + (v —1)C if v € [1,2]
Moreover,

. [1-2itve01] L Jifeeo1]
e _{—(22”’2 if v € [1,2] nd P £ = I—gifvell?]

Now we apply the computation from Section [14] (Step 1.) and get that dp(S) =1 for P € E5\ Ej.
Step 6. Suppose P € Eg. The Zariski decomposition of the divisor —Kg — vEg ~ C + E1 + Ey +
2F + 2FE3 4+ 2E, + 2FE5 4+ (1 — v) Eg is given by:

Plv) = —Kg — vEs — §(2E5 +2E, + 2E5 + 2E + By + By) if v € [0,1]

N(v) = §(2E5 +2E, 4+ 2E5+2E + Ey + Ey) if v € [0,1]

Moreover,

(P(v))*=(1—v)(14v) and P(v) - Eg = v if v € [0,1]
Now we apply the computation from Section [14] (Step 2.) and get that 6p(S) = % for P € Eg\Es.
Thus, 6p(X) = 2. O

3
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18. Dg SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an Dg singularity at point P. Let C be a curve
in the pencil | — Kx| that contains P. One has dp(X) = 2.
Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and F, F4, Es, E3, E,, Es, Eg and E; are the exceptional

divisors with the intersection:
.E1 :E .E2
E3
4
5
Ees C
7

We have —Kg ~ C + Ey + Es +2FE + 2FE3 + 2E, + 2E5 + 2FEg + E7. Let P be a point on S.

Step 1. Suppose P € E.If we contract the curve C' the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves and
(—2)-curves which form the following dual graph:

A TE, E E,

Then the corresponding Zariski Decomposition of the divisor —Kg — vF is:

%0 —Ks —vE — (3B + 3E> + 5F3 + 4B, + 3E5 + 2Es + Er) if v € [0, 2]
v) =
—Kg—vE — (v—1)E; — 2(3Ey + 5E3 + 4E, + 3E5 + 2Es + E7) — (v — 2) Ay if v € [2,3]
Nv) = Y(3E1 + 3Ey 4+ 5E5 + 4B, + 3E5 + 2E¢ + Er) if v € [0, 2]
(v—1)E1 + 2(3E> + 5E5 + 4E4 + 3E5 4+ 2Eg + E7) + (v — 2) Ay if v € [2,3]

The Zariski Decomposition follows from

1
~Ks—vE~z (3= 0)E+3 (4]31 4 3By + 554 + AE, + 3B + 2E¢ + By + 2A1>

Moreover,
1— 2 if 0,2 v if 9
(P(U))2 _ (3_U)26 ‘1 v E [ ) } and P(U) E=1¢6 1 ’U'E [0, }
Ty ifue [2,3] - 2ifve 23]
We have Sg(E) = 3. Thus, 6p(S) < 2 for P € E. Moreover, if P € EN Ey if P € E\E; we have
L 1102
“ifo e 0,2 ifve 072
h(v) < {(@2—@)(51}_3 0.2] [2,3] or h(v) < { 72 0,2]

) 4 (3—v)(40+3)
15 ifve l—glfUE[Q,S]
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Thus, S(WE,; P) <1< 2 or S(W[,; P) <2 <2 We get 6p(S) =2 for P € E.
Step 2. Suppose P e El The Zariski decomposition of the divisor —Kg — vE] is:

S(6E +3Ey +5E3 +4E, + 35 + 2Es + E;

(o) = —Kg —vEy — %(6E + 3B, + 5F5 + 4E, + 3E5 + 2Es + E7) if v € [0, 1]
—Ks —vE, — %(6E + 3F + 5E3 + 4B, + 3E5 + 2Fs + E7) — (v — 1) A if v € [1,2]
Amw__{g@ﬁﬁ+3E2+5E3+4E4+3E5+2E5+£%)ﬁ e [0,1]
- )

+(v—1)A; ifv € [1,2]

The Zariski Decomposition follows from

1
_KS — ’UE1 ~R (2 — ’U)El + §<6E + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7 + 2A1>
Moreover,

(P())? = {E if v e [0,1]

2ifv e [0,1]
Lif v e [1,2]

dP(v) By =1
and P(v) - £, {1—51@@[1,2}

Now we apply the computation from Section [14] (Step 1.) and get dp(S) =1 for P € E)\E.
Step 3. Suppose P € F5. The Zariski decomposition of the divisor —Kg — vEj is the following:

P(o) = —Kg —vEy — %(6E + 3Ey 4+ 5F3 + 4E + 3E5 + 2E¢ + E7) if v € [0, 3]
| =Ks —vE; — (v —1)(6E + 5E3 + 4B, + 3E5 + 2Eg + E7) — (6v — 7)E; — (6v — 8)A; if v € [4, 2]

N(o) = | $6E 3B 455y + 4B, + 355 + 2B; + Br) it v € [0,5]
(v —1)(6E + 5E5 + 4By + 3E5 + 2E + E7) + (6v — T)Ey + (6v — 8) Ay if v € [4, 3]

The Zariski Decomposition follows from

3 1
—KS —UEQ ~R <§ —’U>E2+§<6E+5E3—|—4E4+3E5—|—2E6+E7+4E1 —|—2A1>
Moreover,
1—2ifvelo vifve[0,4
(P(v))2:{3 22 2 i [ 3; 5 and P(v).EQZ{;B ) [_fiJ 4 3
(3—20)%ifv e [3, 3] (3—2v)ifve [3, 3]

S
We have Sg(E,) = 1. Thus, 6p(5) < ]

55

for P € Fy. Moreover, if P € FE,\ E; we have:
v if 0.4
h(U)S 81U€£‘73] 43
2(3—20)%ifv e [3,3]
Thus, S(WE2; P) < 2 < 1. We get 6p(S) = 2 for P € Ex\E).
Step 4. Suppose P E E3 The Zariski decomposition of the divisor —Kg — v Fj3 is the following:

P(o) = 4 s —vBs = 528 + By + Bp) — (485 + 3By + 285 + Ee) if v € [0,2]
| -Ks —vE; — (v—1)(2E + E5) — Y(4E5 + 3E4 + 2E5 + Eg) — (20 — 3)Ey — (2v — 4)A; if v € [2, 3]
N(v) = | 3G+ Brt Bz) + 5 (485 + 3By + 285 + Bo) if v € [0,2]
(v—1)(2E + E3) 4+ £(4E3 4+ 3E4 + 2E5 + Fg) 4+ (2v — 3)E1 + (2v — 4)A; if v € [2, 3]

+ o+

The Zariski Decomposition follows from

_KS — UE3 ~R <g — U)Eg +

2(6E+3E2+4E3+3E4+2E5+E6+4E1+2A)
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Moreover,

1——2ifv€[0 2]

(P(U))2:{(5 22 1fve[ 5} ’iifUG[U 2}

a“dp(”>'E3:{§< —2)ifve 23]

5

Now we apply the computation from Section [17] (Step 1.) and get that dp(5) = % for P € E3\F.
Step 5. Suppose P € E,. The Zariski decomposition of the divisor —Kg —vEy ~ C + E; + Ey +
2FE 4+ 2FE3 4+ (2 —v)Ey + 2E5 + 2E4 + E; is given by:

P(v) = —Ks —vEy — 2(2F; + 2B, + AF + 4F, + 3E, + 2 + Fy) it v € [0,7]
N(v) = $(2B1 + 2B, + 4B + 4By + 3B, + 25 + Eg) it v € [0,2]

Moreover,
(2—-v)(24v)
(Plo)? = ===
Now we apply the computation from Section [16| (Step 1.) and get that dp(5) = % for P € E4\Fs.
Step 6. Suppose P € FEs5. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of

all the (—1) and (—2) curves is known so the Zariski decomposition of the divisor —Kg — vFE5 ~
C+E1+E2+2E+2E3+2E4+(2—U)E5+2E6+E7 is:

and P(v) - By = Z if v € [0,2]

3E) 4+ 3B, + 6E + 6F5 + 6E4 + 4Eg + 2E7) if v € [0, 3]
By + E> + 2E 4 2E3+ 2E,) — (v — 1)(2Es + E7) — (2v = 3)C if v € [3,2]

3E) 4 3B, + 6E + 6E5 + 6By + 4Eg + 2E7) if v € [0, 2]

— &
— 5(
(
(E1+ Ey 4+ 2E + 2E5 + 2Ey) + (v — 1)(2E + E7) + (20 — 3)C if v € [2,2]

=

4

N~—
/—/H
N ol

Moreover,

1-%ifve[0,2]
(2—wv)?ifve [ 2]

and P(U)-Eg, — {% ifve [O, %}

2—vifv€[

(Pw))? = { s o

Now we apply the computation from Section |15 (Step 1.) and get that 6p(S) = 2 for P € Es\Ejy.
Step 7. Suppose P € Eg. If we contract the curve C' the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of
all the (—1) and (—2) curves is known so the Zariski decomposition of the divisor —Kg — vFEg ~
CH+ FEy+ Ey+2FE +2FE3+2E,+2F5 + (2 —v)Eg + Er is:

P(o) = —Kg —vEg— %(2E5 + 2By + 2F5 + 2E + Ey + E» + Eg) if v € [0, 1]
—Ks—vEs — 2(2E5 + 2E, + 2E3+ 2E + Ey + Ey + Eg) — (v —1)C if v € [1,2]
)
)+

3
N(U)— %(2E5+2E4+2E3+2E+E1+E2—|—E6 1 [ ]
Y(2E5 + 2By + 2E3 + 2E + Ey + B + Eg (v—l)(]lfve [1,2]

Moreover,

1-2ifve[0,1]

2 ifve 0,1
(P(w) ={<2 B e o]

d P(v) - Ee={ >
and P(v) - Eq {1—gifve[1,2}
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Now we apply the computation from Section [14{ (Step 1.) and get that 6p(S) = 1 for P € Eg\ Es.
Step 8. Suppose P € E;. The Zariski decomposition of the divisor —Kg — vE; ~ C + Ey + Ey +
2F + 2FE3 4+ 2E, + 2E5 + 2Eg + (1 — v) E7 is given by:

P(v) = —Kg — vEr — 2(2156 +2F5 + 2E, + 2E5 + 2E + By + By) if v € [0,1]

2 (2B + 2B + 2F, + 2F5 + 2E + By + By) if v € [0, 1]

N(w) =

Moreover,
(P(v))>=(1-v)(14v) and P(v)- By =vifv € [0,1]
Now we apply the computation from Section |14] (Step 2.) and get that dp(S) = % for P € E;\Fg.

ThUS, (SP(X) = g U

19. Eg SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an [Eg singularity at point P. Let C be a curve

in the pencil | — Kx/| that contains P. One has dp(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and F, E;, FE,, E3, E, and Ej5 are the exceptional
divisors with the intersection:

R A
E

We have —Kg ~ C + Fy + 2FEy 4+ 3E3 +2FE, + E5 + 2E. Let P be a point on S.
Step 1. Suppose P € E5. The Zariski decomposition of the divisor —Kg — vE3 ~ C 4+ Ey + 2F +
(3 —v)Es+ 2E,+ E5 + 2F is the following:

P(U)— KS—UEg—y(E1+2E2+2E4+E5
Ks—UEg— E1+2E2+2E4+E5

YEifve |0,2]

(v—1)E—(v—2)Cifve [23]

)~

( ) —
N(v) = 2(By 4 2B, 4+ 2B, + BEs) + 3E if v € [0,2]
(B 4+ 2B+ 2E,+ E5) + (v —1)E+ (v—=2)C if v € [2,3]

v
3

Moreover,

1-%ifve [0,2]
P))? = § !
(P{v)) {—(3—3“ if v € [2,3]

Now we apply the computation from Section |18 (Step 1.) and get that dp(S) = g for P € Ej.

Step 2. Suppose P € Ey U E4. Without loss of generality we can assume that P € FE5 since the
proof is similar in other cases. The Zariski decomposition of the divisor —Kg—vFEy ~ C + FE; + (2 —
U>E2 + 3E3 + 2E4 + E5 + 2 is:

(o) = —Ks —vEy — YE) — Y(3E + 6E3 4+ 4B, + 2E5) if v € [0, 2]
—Ks—vEy — 2By — (v—1)(3F3 + 2E4 4 E5) — (3v —4)E — (3v = 5)C if v € [3, 2]

o JEifvelo,2]
and P(v) - By {1—gifve[2,3}

YE) + Y(3E + 6E3 + 4E, + 2E5) if v € [0, 5}
N(w)={2717"5 ;
SEv+ (v = 1)(3Bs + 2B, + E5) + (3v —4)E + (3v = 5)C if v € [§,2]
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Moreover,

0,

—

OOIU‘

3 ifv e [0, 3]

2 1——1f1)€
(P(v)) —{3(2 3(1—9)ifve [3,2]

2” 1fv€[

] _
5 and P(v) - Fy = {

OJICJ‘

—

'—h

We have Ss(Es) = 4. Thus, 6p(S) < & for P € E,. Moreover, if P € E»\E3 we have

W2 ity € (0,3
h(v) < {M i[fv?g [5.2]

Thus, S(WE2; P) < T < 4. We get 6p(S) = - for P € (B, U Ey)\Es.

Step 3. Suppose P € F, U E5. Without loss of generality we can assume that P € FE; since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves
and (—2)-curves which form one of the following dual graphs:

c)

E, E, |[Es E; Es

2) P(o) = —Ks —vE1 — §(5E + 6E3 + 4E4 + 2E5 + 3E) if v € [0, 1]
' —Kg—vE] — %(5E2+6E3+4E4+2E5+3E) (U—l)(Agl—l-AQQ—‘rAgg) ifve [ ]
N(v) . %(5E2 +6F3 +4E4 + 2F5 + 3F) if [ ]
%(5E2+6E3+4E4+2E5+3E) (U—l)(Agl—l-Agg—‘rAgg) IfUE[ ]
b).  P(o)= —Ks —vE1 — §(5Ey + 6E3 + 4E, + 2E5 + 3E) if v € [0,1]
) —Kgs —vE) — %(5E; 4+ 6F3 + 4E4 + 2E5 + 3E) — (v — 1)(2421 + Ba;1 + Agp) if v € [1, 3]
4(5Ey + 6E3 4+ 4E, + 2E5 + 3E) if v € [0,1]
Nw) =13 . A
%(5E2 +6F3 +4F4 + 2FE5 + 3E) (U — 1)(214271 + B2,1 + AQ’Q) ifve [1, g]
0 P(o) = —Ks —vE1 — §(5Ey + 6E3 + 4E, + 2E5 + 3E) if v € [0,1]
| —Ks —vE) — Y(5By + 653 + 4E4 + 2E5 + 3E) — (v—1)(3A2 + Bo + Cs) if v € [1, §]

5Fs +6FE5+4FE4+ 2F5 + 3E
5Fy +6F3 +4F4 + 2F5 + 3E

if v e [0,1]
+ (1} — 1)(3142 + By + 02) ifve [1, %]

~— — ~— —

The Zariski Decomposition in part a). follows from

4 1
_KS - ’UEl ~R (g - U) El + § <5E2 + 6E3 + 4E4 + 2E5 + 3k + A2,1 + AQ’Q + A273>
A similar statement holds in other parts. Moreover,

, 1=y e [0,1] _JRifve o]
(P(v))” = {(4 30)2 1fv€[ 4] andP(v)-El—{g( ——)1fv€[ }
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We apply the computation from Section @ (Step 2.) and get 0p(S) = 2 if P € (B U E5)\(E2 U Ey).
Step 4. Suppose P € E. The Zariski decomposition of the divisor —Kg —vE ~ C + E; 4+ 2FE5 +
3E3+2E,+ FEs+ (2—v)E is:

—Kg—vE — §(Ey 4 2B, + 3E5 + 2E, + E5) if v € [0,1]
— 2(E1+2E> + 3E3+ 2By + E5) — (v —1)C if v € [1,2]
(
(

)
) —
E1+2E2+3E3+2E4+E5)1 [ }
Ey+2FE,+3E3+2E,+ E5) +

=

(w4

SN—
/—’H
IERNE

(v—1)Cifve [1,2]
Moreover,

1-%ifve [0,1]
P(v))* = 2 ’
(P(v)) {—<2‘;) if v € [1,2]

Now we apply the computation from Section [14] (Step 1.) and get that 6p(S) =1 for P € E\ Es.

Thus, 6p(X) = 2. O

and P(v) - FE = 2 ifve [0’1}
1—-2ifve[1,2]

20. E; SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an [E; singularity at point P. Let C be a curve

in the pencil | — Kx/| that contains P. One has dp(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C'is a strict transform of C on S and E, Ey, Es5, E3, E4, E5 and Eg are the exceptional
divisors with the intersection:

SRR A
E

We have —Kg ~ C 4+ 2FE| +3F, + 4F5 + 3E4 + 2E5 + Eg + 2E. Let P be a point on S.
Step 1. Suppose P € E3. The Zariski decomposition of the divisor —Kg — vFE3 ~ C +2F, + 3F, +
(4 —v)E5 + 3E, + 2E5 + Eg + 2E is the following:

Ey +2E,) if v € [0,3]

5
(v—1)E; — (v—2)E, — (v—3)C if v € [3,4]

P(U) o KS —UEg - 2<2E1—|—3E74—|‘2E’5 +E6
KS—UEg—— 2E—|—3E4+2E5+E6

) —
( ) —
N (2B + 3B + 2BE5 + Eg) — 2(Ey +2B,) if v € [0,3]
(U) %(2E+3E4+2E5+E6)_|_(U_1)E1—|—(U—2)E2—|—<U—3)C ifve [3,4}

Moreover,

1— 2 ifve[0,3]

(P(0))* = {(

2 ifv € [0,3]
Ul i g € [3,4]

dP(v) By ={ 2
and P(v) - By {1—gifve[3,4}

We have Ss(E3) = £. Thus, 6p(S) < 2 for P € E3. Moreover, if P € E3sN(EUE,) if P € E5\(EUEY)

we have
M) < 9 if o € [0, 3] or hv) < 17 if y € [0, 3]
= (L)#lfve[&él} = Y ity ¢ [3,4]
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o0 0.0

Step 2. Suppose P E E2 The Zariski decomp081t10n of the divisor —Kg —vEy ~ C +2E; + (3 —
v)Ey +4E5 + 3E, + 2E5 + Eg + 2E is the following:

Thus, S(WF; P) <X < L or SWE; P) <2 <. Weget 6p(S) =2 for P € Es.

o) —Kg—vE; — 4(2E + 4E3 + 3B, + 2E5 + Eg) — 2By if v € [0, 2]
v) =
—Kg—vEy — $(2E +4F5 + 3E4 4+ 2E5 + Eg) — (v — 1) By — (v —2)C if v € [2,3]
Nw) = Y(2E +4E5 + 3E, + 2E5 + Eg) + 3By if v € [0,2]
v
Y(2E 4+ 4E3 +3E, + 2E5 + Eg) + (v — 1) By + (v —2)C if v € [2,3]
Moreover,

1- 2 ifve [0,2]

(P(U))Q_{(s vglf@e[ 3}

and P(v) - Ey = %ifve[o,ﬂ
T l1-tifue [2,3]

Now we apply the computation from Section (18] (Step 1.) and get that dp(S) = 2 for P € E,\ Ej.
Step 3. Suppose P € E;. The Zariski decomposition of the divisor —Kg —vE; ~ C + (2 —v)E; +
3E2 + 4E3 + 3E4 + 2E5 + E6 + 2F is:

50 —Kg —vEy — (2E + 3E, + 4F3 + 3E, + 2E5 + Eg) if v € [0,1]
V) =
—Kg—vE) — $(2E + 3E, + 4E3 + 3B, + 2E5 + Eg) — (v —1)C if v € [1,2]

)
( ) —
2(QE' + 3E2 + 4E3 + 3E4 + 2E5 + Eﬁ) if [ }
N(v) =143
Y(2E + 3E, + 4E3 4+ 3E, + 2E5 + Eg) + (v - 1)Cifve [1,2]

Moreover,

1-2ifve[0,1]

(P(U>)2:{ 5 v if o € [0,1]

and P(v) - By = {2

Bl it e [1,2] 1—Yifve [1,2]

Now we apply the computation from Section [14] (Step 1.) and get that dp(S) = 1 for P € E;\ Ex.
Step 4. Suppose P € E. The Zariski decomposition of the divisor —Kg — vE ~ C + 2F; + 3F, +
AEs +3E, +2E5 + Eg + (2 —v)E is:

(o) —Kg —vE — L(AEy + 8F5 + 12E3 + 9E4 + 6 E5 + 3E) if v € [0, 1]
V) =
~Kg—vE — (40— 7)C — (4v — 6)Ey — (4v — 5)Ey — (v — 1)(4E3 + 3E4 + 2E5 + Eg) if v € [, 2]

N(v) = Y(4E + 8E> + 12E5 + 9Ey + 6E5 + 3E;) if v € [0, ]
(4v = 7)C + (4v — 6)E1 + (4v — 5)Es + (v — 1)(4E3 + 3E4 + 2E5 + Eg) if v € [, 2]

Moreover,

(P(v))* = {

We have Sg(E) = 5. Thus, 6p(S) < £ for P € E. Moreover, if P € E\E; we have
202 7
h(v) < 4 19 ifve '[O, 4} i
2(v—2)%ifv e [1,2]
Thus S(WEF2; P) < & < 2. We get 6p(S) = % for P € E\Es.

e.0)

Step 5. Suppose P € E,. The Zariski decomposition of the divisor —Kg —vEy ~ C +2FE; + 3F; +

11— 1fv€[0 }
2(2—1}) if v e [£,2]

2v 7
L 71fv€[0>ﬂ
and P(v) - E = {2(2_1;) ifve [771,2}
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4E3 + (3 — U)E4 —|— 2E5 + E6 —|— 2E iSI

P(U) . —Ks —vE4 — %(2E1 +4F; + 6E3 + 3E) - %(2E5 + E6) ifve [0, g]
| -Ks —vEs— (20— 5)C — (2v—4)Ey — (20 = 3)Ey — (20 — 2)E3 — (v — 1)E — $(2E5 + Eg) if v € [, 3]

N(w) = Y(2E, 4+ 4E> 4+ 6F5 + 3E) — 2(2E5 + Eg) if v € [0, 3]
(20—5)C+ (2v—4)E1 + (2v —3)E2 4 (2v — 2)E3 + (v — 1)E + %(2E5 + Eg) if v € [5,3]

Moreover,

1—-22ify e

(P(v))* = {2(3—1;)15) foe [

3

0,3] _
3] and P(v) - By = {
fo

—

2 if v € [0, 3]
2(1-%)ifve [2,3]

Nt

We have Ss(Ey) = 2. Thus, 6p(5) < &

G- or P € E;. Moreover, if P € E;\E;3 we have
hw) < {22% if ve o3

26=0)©H3) £y, ¢ [ 3]

Thus, S(WE; P) < 3 < 4. We get 6p(S) = ¢ for P € E4\Es.
Step 6. Suppose P E Es5. The Zariski decomposition of the divisor —Kg —vFE5 ~ C +2F; + 3F5 +
4E3 + 3E4 + (2 — U)E5 + E6 + 2E iS given by

Plv) = —Kg — vEs — %(2E1 +4E, + 6F5 + 5E, + 3E + 2E) if v € [0,2]
N() = %(2E1 +4E, + 6F5 + 5, + 3E + 2E) if v € [0,2]
Moreover,
(P(v))? = W and P(v)- EB5 = % if v € [0, 2]

Now we apply the computation from Section |16 (Step 1.) and get that dp(S) = % for P € E5\FE;.
Step 7. Suppose P € Eg. If we contract the curve C' the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (—1)-curves and
(—2)-curves which form one of the following dual graphs:

6,1
2 Op O IE3 7, 9z, €, b) O @ IE3 o O O, < O
E

Then the corresponding Zariski Decomposition of the divisor —Kg — vFEj is:

. P —Kg —vEs — $(2E) + 4F> + 6F5 + 5E, + 4E5 + 3E) if v € [0,1]
. v) =
—Kg —vEg — %(2E1 + 4B 4+ 6E3 + 5E4 + 4E5 + 3E) — (v — 1)(A461 + Agp) if v € [1, 3]
N (o) Y(2E1 + 4E> + 6E3 + 5B, + 4E5 4+ 3E) if v € [0,1]
V) =
Y(2E1 + 4B 4+ 6E3 + 5E4 + 4E5 + 3E) + (v — 1)(A11 + A1) if v € [1, 3]
b) (o) —Kg —vEg — $(2E) + 4E, 4+ 6E3 + 5F, + 4E5 4+ 3E) if v € [0, 1]
V)=
—Kg—vEs — $(2E) + 4E> 4+ 6E3 + 5F, + 4E5 4+ 3E) — (v — 1)(2A¢ + Bg) if v € [1, 3]

2E) + 4F; + 6F5 + 5E, + 4E5 + 3E) if v € [0,1]

5
5
5
2(2E) +4E; + 6E3 + 5E4 + 4E5 + 3E (v—l)(2A6+B6)1fv€[ 3]

)
) =
)
)+
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The Zariski Decomposition in part a). follows from

3
—KS —UEG ~R (5 —’U)E6+ 9

A similar statement holds in other parts. Moreover,

(P(U))2 {t . lfv € [O ﬂ and P(U) By = { 3

Tlfve[ 2] 21 -2 ifv e [1,3]
Now we apply the computation from Section [16| (Step 2.) and get that dp(5) = g for P € Eg\Fs.

Thus, 6p(X) = 2. O

<2E1+4E2+6E3+5E4+4E5+3E+A61+A62)

2 ifv e [0,1]

21. Eg SINGULARITY ON DU VAL DEL PEZZO SURFACES OF DEGREE 1

Let X be a singular del Pezzo surface of degree 1 with an [Eg singularity at point P. Let C be a curve

in the pencil | — Kx| that contains P. One has dp(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree

1. Suppose C'is a strict transform of C on S and FE, E4, Es, E3, E,, Es, Eg and E; are the exceptional
divisors with the intersection:

o o IE3 o o o &
E

We have —KS ~(C + 2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + 3E.
Step 1. Suppose P € Ej3. The Zariski decomposition of the divisor —Kg —vFE5 ~ C +2F; +4F5 +
(6 —v)E3+ 5E, + 4F5 + 3Eg + 2E; + 3F is the following:

P(o) = —Kg —vE3 — $E — ¥(E1 + 2E>) — £(4E4 4 3E5 + 2Es + E7) if v € [0, 5]
| —Ks —vE; — 3E — 2(BEy +2E5) — (v—1)Ey — (v—2)E5 — (v — 3)Eg — (v —4)E; — (v—5)C if v € [5,6]
N(o) = 4 22+ 5(Br +2B5) + §(4E,s + 3B5 + 256 + Br) if v € [0, 5]
LE+4 2(E1+2Ey) + (v—1)Ey+ (v—2)Es + (v —3)Eg 4+ (v — 4)E7 + (v —5)C if v € [5,6]
Moreover,
1—”—1fv€[05] —1fv€[05]
P(v))? = 30 ’ d P(v)- E
(P(v) {<6 9 ity [5,6] (v) - s = {1—-1fve[5,6}

We have Ssg(E3) = 5. Thus, 0p(S) < & for P € E;. Moreover, if P € E3N(EUE,) if P €
E3\(E U E,) we have

1 if v € [0, 5] 192 if v € [0, 5]
h(v) < {%6 v)7(27v+6 ifoe [5,6} or h(v) < %gg(g;)(;zmm) v e [5,6}
Thus, S(WF; P) <2 < 4 or S(Wr; P) <3 < . We get 0p(S) = £ for P € E.

Step 2. Suppose P E E2 The Zariski decomp081t10n of the divisor —Kg —vEy ~ C +2E; + (4 —
U)EQ + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + 3F is:

P(o) —Ks —vEy — YE1 — £(5E + 10Es + 8F4 + 6E5 + 4Es + 2E7) if v € [0, £]
v) =
—Ks—vEy — $E1 — (v—1)E — (2v — 2)E3 — (20 — 3)Es — (2v — 4)E5 — (20 — 5)Es — (2v — 6)E7r — (20 — 7)C if v € [Z,4]
N(v) {;E1+;(5E+10E3+8E4+6E5+4E6+2E7 )if v € [0, 1]
v) =
(

2E14+(v—1)E+ (20 —2)Es+ (2v — 3)Es + (20 — 4)E5 + (2v — 5)Es + (20 — 6)Er + (2v — 7)C if v € [Z,4]
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Moreover,
. J1-%ifvelo]] o Jgifve(o]
(Pv)) = {—(4‘2”>2 foe(s4 O Pl)-Ba=1 5" vify e [1,4]

We have Ss(E») = 3. Thus, 6p(S) < 2 for P € E,. Moreover, if P € Ey\E3 we have
1502 - 7
itve [O —}
hiv) < 4 392 12
( ) = {(4_U)$;(4+U) ifoe [%74}

Thus, S(WE2; P) <3 < 3. We get 6p(S) = 2 for P € E»\E;.
Step 3. Suppose P € E;. The Zariski decomposition of the divisor —Kg —vE, ~ C+ (2 —v)E; +
4E2 + 6E5 + 5E4 + 4E5 + 3E6 + 2E7 + 3E iS given by

P(U) = _KS - ’UEl - Z(E)E + 7E2 + 1OE3 + 8E4 + 6E5 + 4E6 + 2E7) ifve [072}

N() = Z(5E + 7By + 10E; + 8E, + 6E5 + 4Fs + 2;) if v € [0,2]
Moreover,
2 — v)(2
(P(v))? = w and P(v) - B, = Z it v e [0,2]

Now we apply the computation from Section [16{ (Step 1.) and get that 0p(S) = 2 for P € Ey\Es.
Step 4. Suppose P € E. The Zariski decomposition of the divisor —Kg — vE ~ C + 2F; + 4F5 +
6E3 + 5E4 + 4E5 + 3E6 + 2E7 + (3 - ’U)E is:

() {—KS—vE—;(5E1+10E2+15E3+12E4+9E5+6E6+3E7) if v e [0,
V) =

—Ks —vE — (v—1)(E1 +2E;> + 3E3) — (3v —4)E4 — (3v = 5)E5 — (3v — 6)Es — (3v — T)Er — (3v — 8)C if v € [, 3]

3]
6)
N(v) = {(;(5}51 + 10E> + 15E3 + 12E4 + 9E5 4+ 6Es + 3E7) if v € [0, 2)]

v—1)(E1+2F2 +3E3) + (3v —4)E, + (3v — 5)Es + (3v Es + (3v — T)E7 + (3v — 8)C if v € [, 3]

Moreover,
_ v v 8
(P(v))? = 1—-% 1fv€[0,3} and P(v) - E = 81“}.6[073]8
(3—v)?ifve [, 3] 3—vifve [$3]
We have Sg(E) = . Thus, 6p(S) < < for P € E. Moreover, if P € E\E; we have

Zifv e |0
Mws{?wﬁiifq

Thus, S(WE,; P) < § < . We get 6p(S) = % for P € E\E;.
Step 5. Suppose P E E,. The Zariski decomposition of the divisor —Kg —vE, ~ C +2E; +4F, +
6F5 + (b —v)Ey + 4E5 + 3Es + 2E7 4+ 3E is the following:

P(v)* Ks—vE4—7(2E1 +4E2+6E3+3E)—%(3E5+2E6+E7) ifve [ ]
~Kg —vE; — £(2E1 + 4E3 + 6E3 + 3E) — (v—1)E5 — (v — 2)Eg — (v — 3)E7; — (v —4)C if v € [4,5]
N(v) = L(2Ey +4E; 4+ 6E5 + 3E) + $(3Es + 2Es + E7) if v € [0,4]
L(2E1 4+ 4B, 4+ 6E3 4+ 3E) 4+ (v — 1)Es + (v—2)Eg + (v — 3)Er + (v — 4)C if v € [4,5]
Moreover,
1- 2 ifve [0,4]
6-ip [4,5]

and P(v) - By = {2% ifve [0,4]

(P))* = { 1—2ifye[4,5]
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We have Sg(E;) = 3. Thus, 0p(S) < 5 for P € Ey. Moreover, if P € E;\E3 we have

3Lz 5f v e (0,4
h(v)ﬁ{(ssov)(gv 5) 0.4]

05 if ¢ € [4,5]
Thus, S(WF& P) < I <3. We get 6p(S) = 3 for P € E4\E;.

.0

Step 6. Suppose P € E5. The Zariski decomposition of the divisor —Kg —vE5 ~ C' +2FE; +4F +
6F5 +5E, + (4 —v)Es + 3Es + 2FE; + 3E is the following:

P _{ Ks —vEs — (2B + 4E + 6E3 + 5E4 + 3E) — L(2E + Ey) if v € [0,3]

—Kg —vEs — %(2E, + 4E> + 6E3 + 5B, + 3E) — (v —1)Eg — (v — 2)E7 — (v —3)C if v € [3,4]
N(w) = 2(2E1 4+ 4E3 4+ 6E3 + 5E4 4+ 3E) — £(2Es + E7) if v € [0,3]
2(2E1 + 4B 4+ 6E3 + 5E4 + 3E) + (v — 1)Es + (v — 2)E7 + (v — 3)C if v € [3,4]

Moreover,

1- % ifve[0,3]

(P(v))* = {% if v e [3,4]

Now we apply the computation from Section [20] (Step 1.) and get that dp(S) = 2 for P € E5\ Ey.
Step 7. Suppose P € Eg. The Zariski decomposition of the divisor —Kg —vEg ~ C +2F; + 4F5 +
65+ 5FE, +4F5 + (3 — v)Eg + 2E7 + 3E is the following:

P(s) = { Ks — vEg — Y(2Ey + 4B, + 63 + 5B, + 4B + 3E

and P(v) - B, = L if v e [0,3]
T l1-vifue [3,4]

— LB ifv € [0,2]

—Kg —vEg — (2B, + 4F> + 6E3 4+ 5Ey + 4E5 + 3E) — (v — 1)E; — (v —2)C if v € [2,3]

)
( )
Nw) = Y(2E, + 4B, + 6E3 + 5B, + 4E5 + 3E) 4+ $E7 if v € [0,2]
Y(2E1 + 4FE3 4+ 6E3 + 5By + 4F5 + 3E) 4+ (v — 1)Er + (v — 2)C if v € [2,3]

Moreover,
(P())? = 1——21fve[0,2] 4 Plo) B
v = an v)- =
B ity e [2,3] "

Now we apply the computation from Section |18 (Step 1.) and get that dp(S) = g for P € Eg\Es.
Step 8. Suppose P € F;. The Zariski decomposition of the divisor —Kg —vFE; ~ C' 4+ 2FE; +4FE5 +
6F3 +5E, +4Fs5 + 3Es + (2 —v)E; + 3E is:

2ifve[ ]
1——1fv€[ }

Po) = —Kg—vE; — 4(2E, + 4B, + 6E3 + 5B, + 4E5 + 3Eg + 3E) if v € [0, 1]
V) =
—Kgs — vE; — 2(2E, + 4F> + 6E3 + 5Ey + 4E5 + 3Es + 3E) — (v —1)C if v € [1,2]
v
Y(2E1 +4E5 + 6E3 + 5Ey + 4F5 + 3Eq + 3E) + (v — 1)0 if v e [1,2]

Moreover,

, J1-%ifve]0,1] T
) _{(2“1fve[1,2} PO e 1)

Now we apply the computation from Section [14] (Step 1.) and get that dp(S) =1 for P € E;\ Es.
Thus, §p(X) = 2. O

11

2ifv e [0,1]
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