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Abstract. In this article, we compute δ-invariants of Du Val del Pezzo surfaces of degree 1.

1. Introduction

1.1. History and Results. It is known that a smooth Fano variety admits a Kähler–Einstein metric
if and only if it is K-polystable. For del Pezzo surfaces Tian and Yau proved that a smooth del Pezzo
surface is K-polystable if and only if it is not a blow up of P2 in one or two points (see [34, 33]). Later
on, Odaka-Spotti-Sun showed which Du Val del Pezzo surfaces are K-stable in [30]. A lot of research
was done for threefolds (see [3, 25, 10, 26, 20, 27, 12, 5, 4, 11, 19, 18, 9]). However, not everything
is known for Fano varieties of higher dimensions and threefolds showed that often the problem can
be reduced to computing δ-invariant of (possibly singular) del Pezzo surfaces (see [3, 9, 11] etc). We
computed δ-invarints of Du Val del Pezzo surfaces of degree ≥ 2 in previous works [15, 16, 17]. In
[3] it was proven that the δ-invariant of smooth del Pezzo surface of degree 1 is given by:

Theorem. ([3][Lemma 2.16) ] Let X be a smooth del Pezzo surface X of degree 1. Then

δ(X) =


15

7
if | −KX | contains a cuspidal curve,

12

5
if | −KX | does not contain cuspidal curves.

The proof of this theorem immediately gives us a corollary:

Corollary. Let X be a Du Val del Pezzo surface of degree 1. Let P be a smooth point on X, then
δP(X) ≥ 15

7
.

This is a generalization of α-invariant computations, which were done by I. Cheltsov, D. Kosta,
J, Park and J. Won in a series of papers [7, 8, 31, 32] since δ and α invariants are related as

3α(X) ≥ δ(X) ≥ 3α(X)
2

in case of del Pezzo surfaces. The singularity types of Du Val del Pezzo
surfaces of degree one were listed in [35]. The results of computation δ-invariants of del Pezzo
surfaces with Du Val singularities in [15, 16, 17] and this article confirm the results in Odaka-Spotti-
Sun [30] paper and lead to finding new K-stable examples of singular Fano threefolds. Let X be a

Du Val del Pezzo surface of degree 1. Then X can be realized as the double cover X
2:1−→ P(1, 1, 2),

which is ramified along a sextic curve R ∈ P(1, 1, 2). In this article, we compute δ-invariants of Du
Val del Pezzo surfaces of degree 1. Note that when X has A7 singularities δ-invariant depends on
whether R is reducible or irreducible. We prove that:

Main Theorem. Let X be the Du Val del Pezzo surface of degree 1. Then the δ-invariant of X
is uniquely determined by the by the type of singularities on X and unique elements of | − KX |
containing each of singular points which is given in the following table:
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Type of singularity δ(X)

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1 2

all elements of | −KX | containing singular points are nodal

A1, 2A1, 3A1, 4A1, 5A1, 6A1, 7A1, 8A1
9
5

some elements of | −KX | containing singular points are cuspidal

A2, A2 + A1, A2 + 2A1, A2 + 3A1, A2 + 4A1,

2A2, 2A2 + A1, 2A2 + 2A1, 3A2, 3A2 + A1, 4A2
12
7

all elements of | −KX | containing A2 singular points are nodal

A2, A2 + A1, A2 + 2A1, A2 + 3A1, A2 + 4A1,

2A2, 2A2 + A1, 2A2 + 2A1, 3A2, 3A2 + A1, 4A2
3
2

some elements of | −KX | containing A2 singular points are cuspidal

A4, A4 + A1, A4 + 2A1, A4 + A2, A4 + A2 + A1, A4 + A3, 2A4
4
3

A5, A5 + A1, A5 + 2A1, A5 + A2, A5 + A2 + A1, A5 + A3
6
5

A6, A6 + A1
9
8

A7, A7 + A1 and R irreducible 18
17

A7, A7 + A1 and R reducible 1

A8, D4, D4 + A1, D4 + 2A1, D4 + 3A1, D4 + 4A1,D4 + A2, D4 + A3, 2D4 1

D5, D5 + A1, D5 + 2A1, D5 + A2, D5 + A3
6
7

D6, D6 + A1, D6 + 2A1
3
4

D7
2
3

D8, E6, E6 + A1, E6 + A2
3
5

E7, E7 + A1
3
7

E8
3
11

Acknowledgments: I am grateful to my supervisor Professor Ivan Cheltsov for the introduction to
the topic and continuous support.

1.2. Applications. Let X be a del Pezzo surface of degree 1 with at most Du Val singularities. Let
S be a weak resolution of X. We will call an image on X of a (−1)-curve in S a line as was done
in [13]. The immediate corollaries from Main Theorem are:

Corollary 1.1. Let X be a Du Val del Pezzo surface of degree 1 with An or D4 singularities then X
is K-semi-stable.

Proof. For such X have δ(X) ≥ 1. Thus, X is K-semi-stable by [3, Theorem 1.59]. □
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Corollary 1.2 ([30]). Let X be a Du Val del Pezzo surface of degree 1 with at most A6 singularities
or a Du Val del Pezzo surface of degree 1 with A7 singularity and irreducible ramification divisor R
then X is K-stable. Moreover, Aut(X) is finite.

Proof. For such X have δ(X) > 1. Thus, X is K-stable. By [6, Corollary 1.3] Aut(X) is finite for
K-stable X. □

There are also some applications in the case of threefolds. Smooth Fano threefolds over C were
classified in [22, 23, 28, 29] into 105 families. The detailed description of these families can be found
in [3] where the problem to find all K-polystable smooth Fano threefolds in each family was posed.
The output of this paper, give some alternative proofs for this problem as well as some proofs in case
of singular Fano threefolds. We know ([21, 24]) that the Fano threefold X is K-stable if and only if
for every prime divisor E over X we have

β(E) = AX(E)− SX(E) > 0

where AX(E) is the log discrepancy of the divisor E and SX

(
E
)
= 1

(−KX)3

∞∫
0

vol
(
−KX − uE

)
du. To

show this, we fix a prime divisor E over X. Then we set Z = CX(E). Let Q be a general point in Z.
Following [2, 3] denote

δQ
(
X,WX

•,•
)
= inf

F/X
Q∈CX(F )

AX(F )

S
(
WX

•,•;F
) and δQ

(
X
)
= inf

F/X
Q∈CX(F)

AX(F)

SX(F)

where the first infimum is taken by all prime divisors F over the surface X whose center on X
contains Q and the second infimum is taken by all prime divisors F over the threefold X whose
center on X contains Q.

1.2.1. Family 1.11 (Del Pezzo Threefold of degree 1). Let V be a Fano threefold with canonical
Gorenstein singularities such that −KV ∼ 2H for some H ∈ Pic(V) with H3 = 1. Then V is a
sextic hypersurface in P(1, 1, 1, 2, 3) and a del Pezzo threefold of degree 1. A general element in |H|
is a Du Val del Pezzo surface of degree 1 and if V has isolated singularities then a general surface in
|H| is a smooth.

Remark 1.3. If V is smooth then V is a smooth Fano threefold in Family 1.11. and all smooth Fano
threefolds in this family can be obtained this way. Every smooth element in this family is known to
be K-stable [3].

Main Theorem gives the following corollary:

Corollary 1.4. Suppose that for any point Q on V there exists an element X ∈ |H| such that Q ∈ X
and X has at most A2 singularities then V is K-stable.

Proof. Suppose X is an irreducible element of |H| then SV(X) < 1. As explained above we fix a
prime divisor E over V. Then we set Z = CV(E) and if β(E) ⩽ 0, then δQ(X,WX

•,•) ⩽ 1. Let Q be a
general point in Z, Let X be the general element of |H| that contains Q. The divisor −KV − uX is
nef if and only if u ≤ 2 and the Zariski Decomposition is given by by P (u) = −KV−uX ∼ (2−u)X
and N(u) = 0 for u ∈ [0, 2]. By [3, Corollary 1.110] for any divisor F such that Q ∈ CX(F ) over X
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we get:

S
(
WX

•,•;F
)
=

3

(−KV)3

(∫ τ

0

(
P (u)2 ·X

)
· ordQ

(
N(u)

∣∣
X

)
du+

∫ τ

0

∫ ∞

0

vol
(
P (u)

∣∣
X
− vF

)
dvdu

)
=

=
3

8

∫ τ

0

∫ ∞

0

vol
(
P (u)

∣∣
X
− vF

)
dvdu =

3

8

∫ 2

0

(2− u)3
∫ ∞

0

vol
(
−KX − wF

)
dwdu =

=
3

8

∫ 2

0

(2− u)3
(∫ ∞

0

vol
(
−KX − wF

)
dw
)
du =

3

8

∫ 2

0

(2− u)3SX(F )du =
3

2
SX(F ) ≤ 3

2

AX(F )

δQ(X)

We get that δQ(V) ≥ 2
3
δQ(X). For X with at most A2-singularities we have δQ(X) ≥ 3

2
. If

Q is a singular point and there exists an element X of |H| with δQ(X) = 3
2
then AX(E)

SX(E)
>

min
{

1
SX(X)

, δQ
(
X,WX

•,•
)}

from [3, Corollary 1.108.] and otherwise we choose X with δQ(X) > 3
2
so

δQ(V) > 1 if X has at most A2-singularities and the result follows. □

1.2.2. Family 2.1. Let V be a Fano threefold with canonical Gorenstein singularities such that
−KV ∼ 2H for some H ∈ Pic(V) with H3 = 1. Then V is a sextic hypersurface in P(1, 1, 1, 2, 3)
and a del Pezzo threefold of degree 1. Let S1 and S2 be two distinct surfaces in the linear system
|H|, and let C = S1 ∩ S2. Suppose that the curve C is smooth. Then C is an elliptic curve by the
adjunction formula. Let π : X → V be the blow up of the curve C, and let E be the π-exceptional
surface. We have the following commutative diagram:

X
π

~~

ϕ

  
V // P1

Where V 99K P1 is the rational map given by the pencil that is generated by S1 and S2, and ϕ is a
fibration into del Pezzo surfaces of degree 1.

Remark 1.5. If R is smooth then X is a smooth Fano threefold in Family 2.1. and all smooth Fano
threefolds in this family can be obtained this way. Every smooth Fano threefold in this family is
known to be K-stable [9].

Main Theorem gives the following corollary:

Corollary 1.6. If every fiber X of ϕ at most D4 singularities, then X is K-stable.

Proof. If X is an irreducible fiber of p1 then we have SX(X) < 1. We now fix a prime divisor E
over X. Then we set Z = CX(E). Let Q be the point on Z. let X be the fiber of ϕ that passes
through Q. Then −KX − uX is nef if and only if u ≤ 2 and the Zariski Decomposition is given by

P (u) =

{
−KX − uX ∼ (2− u)X + E if u ∈ [0, 1],

−KX − uX − (u− 1)E ∼ (2− u)π∗(H) if u ∈ [1, 2],
and N(u) =

{
0 if u ∈ [0, 1],

(u− 1)E if u ∈ [1, 2],

We apply Abban-Zhuang method to prove that Q ̸∈ E ∼= C × P1. By [3, Corollary 1.110] for any
divisor F such that Q ∈ CX(F ) over X we get:
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S
(
WX

•,•;F
)
=

3

(−KX)3

(∫ τ

0

(
P (u)2 ·X

)
· ordQ

(
N(u)

∣∣
X

)
du+

∫ τ

0

∫ ∞

0

vol
(
P (u)

∣∣
X
− vF

)
dvdu

)
=

=
3

4

∫ τ

0

∫ ∞

0

vol
(
P (u)

∣∣
X
− vF

)
dvdu =

=
3

4

(∫ 1

0

∫ ∞

0

vol
(
−KX − vF

)
dvdu+

∫ 2

1

∫ ∞

0

vol
(
−KX − (u− 1)E|X − vF

)
dvdu

)
=

=
3

4

(∫ ∞

0

vol
(
−KX − vF

)
dv +

∫ 2

1

(2− u)3
∫ ∞

0

vol
(
−KX − (u− 1)E|X − vF

)
dv

)
=

=
3

4

(∫ ∞

0

vol
(
−KX − vF

)
dv +

∫ 2

1

(2− u)3
∫ ∞

0

vol
(
−KX − wF

)
dwdu

)
=

=
3

4

(∫ ∞

0

vol
(
−KX − vF

)
dv +

∫ 2

1

(2− u)3
∫ ∞

0

vol
(
−KX − wF

)
dwdu

)
=

=
3

4

(
SX(F ) +

1

4
· SX(F )

)
=

15

16
SX(F ) ≤ 15

16
· AX(F )

δQ(X)

We see that δQ(X) ≥ 16
15
δQ(X). Thus, by Main Theorem if every fiber of p1 has at most D4 singularities

the result follows. □

2. Proof of Main Theorem via Kento Fujita’s formulas

Let X be a Du Val del Pezzo surface, and let S be a minimal resolution of X. Let f : X̃ → X

be a birational morphism, let E be a prime divisor in X̃. We say that E is a prime divisor over X.
If E is f -exceptional, we say that E is an exceptional invariant prime divisor over X. We will denote
the subvariety f(E) by CX(E). Let

SX(E) =
1

(−KX)2

∫ τ

0

vol(f ∗(−KX)− vE)dv and AX(E) = 1 + ordE(KX̃ − f ∗(KX)),

where τ = τ(E) is the pseudo-effective threshold of E with respect to −KX . Let Q be a point in X.
We can define a local δ-invariant and a global δ-invariant now

δQ(X) = inf
E/X

Q∈CX(E)

AX(E)

SX(E)
and δ(X) = inf

Q∈X
δQ(X)

where the infimum runs over all prime divisors E over the surface X such that Q ∈ CX(E). Similarly,
for the surface S and a point P on S we define:

δP (S) = inf
F/S

P∈CS(F )

AS(F )

SS(F )
and δ(S) = inf

P∈S
δP (S)

where SS(F ) and AS(F ) are defined as SX(E) and AX(E) above. Note that it is clear that

δ(X) = δ(S) and δQ(X) = inf
P :Q=f(P )

δP (S)
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Several results can help us to estimate δ-invariants. Let C be a smooth curve on S containing P .
Set

τ(C) = sup
{
v ∈ R⩾0

∣∣ the divisor −KS − vC is pseudo-effective
}
.

For v ∈ [0, τ ], let P (v) be the positive part of the Zariski decomposition of the divisor −KS − vC,
and let N(v) be its negative part. Then we set

S
(
WC

•,•;P
)
=

2

K2
S

∫ τ(C)

0

h(v)dv, where h(v) =
(
P (v) · C

)
×
(
N(v) · C

)
P
+

(
P (v) · C

)2
2

.

It follows from [3, Theorem 1.7.1] that:

(2.1) δP (S) ⩾ min

{
1

SS(C)
,

1

S(WC
•,•, P )

}
.

Unfortunately, using this approach we do not always get a good estimation. In this case, we can try

to apply the generalization of this method. Let σ : Ŝ → S be a weighted blowup of the point P on

S. Suppose, in addition, that Ŝ is a Mori Dream space Then

• the σ-exceptional curve EP such that σ(EP ) = P , it is smooth and isomorphic to P1,

• the log pair (Ŝ, EP ) has purely log terminal singularities.

Thus, the birational map σ a plt blowup of a point P . Write

KEP
+∆EP

=
(
KŜ + EP

)∣∣
EP

,

where ∆EP
is an effective Q-divisor on EP known as the different of the log pair (Ŝ, EP ). Note that

the log pair (EP ,∆EP
) has at most Kawamata log terminal singularities, and the divisor −(KEP

+
∆EP

) is σ|EP
-ample.

Let O be a point on EP . Set

τ(EP ) = sup
{
v ∈ R⩾0

∣∣ the divisor σ∗(−KS)− vEP is pseudo-effective
}
.

For v ∈ [0, τ ], let P̂ (v) be the positive part of the Zariski decomposition of the divisor σ∗(−KS)−vEP ,

and let N̂(v) be its negative part. Then we set

S
(
WEP

•,• ;O
)
=

2

K2
Ŝ

∫ τ(EP )

0

ĥ(v)dv, where ĥ(v) =
(
P̂ (v) · EP

)
×
(
N̂(v) · EP

)
O
+

(
P̂ (v) · EP

)2
2

.

Let AEP ,∆EP
(O) = 1− ord∆EP

(O). It follows from [3, Theorem 1.7.9] and [3, Corollary 1.7.12] that

(2.2) δP (S) ⩾ min

{
AS(EP )

SS(EP )
, inf
O∈EP

AEP ,∆EP
(O)

S
(
WEP

•,• ;O
) },

where the infimum is taken over all points O ∈ EP .
We will apply 2.1 and 2.2 to all minimal resolutions S such that K2

S = 1 in order to prove Main
Theorem. In case X is smooth we have S = X. Small circles correspond to (−1)-curves and large
circles correspond to (−2)-curves on dual graphs.
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3. A1 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is nodal

Let X be a singular del Pezzo surface of degree 1 with an A1 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P and it has a node in P . One has δP(X) = 2.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E is the exceptional divisor. We have −KS ∼ C+E.
Let P be a point on S.

Suppose P ∈ E. The Zariski decomposition of the divisor −KS − vE ∼ C + (1− v)E is given by:

P (v) =

{
−KS − vE if v ∈

[
0, 1

2

]
−KS − vE − (2v − 1)C if v ∈

[
1
2
, 1
] and N(v) =

{
0 if v ∈

[
0, 1

2

]
(2v − 1)C if v ∈

[
1
2
, 1
]

Moreover,

(P (v))2 =

{
1− 2v2 if v ∈

[
0, 1

2

]
2(v − 1)2 if v ∈

[
1
2
, 1
] and P (v) · E =

{
2v if v ∈

[
0, 1

2

]
2(1− v) if v ∈

[
1
2
, 1
]

We have SS(E) = 1
2
. Thus, δP (S) ≤ 2 for P ∈ E. Moreover, if P ∈ E:

h(v) =

{
2v2 if v ∈

[
0, 1

2

]
2v(1− v) if v ∈

[
1
2
, 1
]

Thus, S(WE
•,•;P ) ≤ 1

2
and We get δP (S) = 2 for P ∈ E. Which gives us δP(X) = 2. □

4. A1 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is cuspidal

Let X be a singular del Pezzo surface of degree 1 with an A1 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P and it has a cusp in P . One has δP(X) = 9

5
.

Proof. Consider the blowup π1 : S1 → X of X at P with the exceptional divisor E1
1 and C1 is a

strict transform of C. Let π2 : S2 → S1 be the blow up of the point C1 ∩ E1
1 with the exceptional

divisor E2
2 and E2

1 , C
2 are a strict transforms of E1

1 , C
1 respectively. Let π3 : S3 → S2 be the blow

up of the point C2 ∩ E2
1 ∩ E2

2 with the exceptional divisor E and E3
1 , E

3
2 , C

3 are a strict transforms
of E2

1 , E
2
2 , C

2 respectively. Then (π1 ◦ π2 ◦ π3)
∗(−KX) ∼ C3 + E3

1 + 2E3
2 + 4E. Let θ : S3 → S be

the contraction of the curves E3
1 and E3

2 , let C = θ(C3) and E = θ(E).
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Then P 2 = θ(E3
2) is a quotient singular point of type 1

2
(1, 1) and P 1 = θ(E3

1) is a quotient singular

point of type 1
4
(1, 1) and the intersections are given by:

C E

C −3 1

E 1 −1
4

Observe that −KS is big. The Zariski decomposition of the divisor σ∗(−KX)− vE ∼ (4− v)E + C
is given by

P (v) =

{
(4− v)E + C if v ∈ [0, 1]

(4− v)E + 4−v
3
C if v ∈ [1, 4]

and N(v) =

{
0 if v ∈ [0, 1]
v−1
3
C if v ∈ [1, 4]

Moreover

P (v)2 =

{
(2−v)(2+v)

4
if v ∈ [0, 1]

(4−v)2

12
if v ∈ [1, 4]

and P (v) · E =

{
v
4
if v ∈ [0, 1]

4−v
12

if v ∈ [1, 4]

So we have SS(E) = 5
3
for P ∈ E. Thus, Thus, δP (S) ≤ 9

5
. Moreover, if P ∈ E\C or P ∈ E ∩ C

then

h(v) =

{
v2

32
if v ∈ [0, 1]

(4−v)2

288
if v ∈ [1, 4]

or h(v) =

{
v2

32
if v ∈ [0, 1]

(4−v)(7v−4)
288

if v ∈ [1, 4]

So S(WE
•,•;O) = 1

12
or S(WE

•,•;O) = 1
3
. On the other hand:

δP (S) ⩾ min

{
9

5
, inf
O∈E

AE,∆E
(O)

S
(
WE

•,•;O
)},

where ∆E = 1
2
P1 +

2
3
P2. So we have

AE,∆E
(O)

S(WE
•,•;O)

=


3 if O = E ∩ C,

3 if O = P1,

4 if O = P2,

12 otherwise.
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Thus, δP(X) = 9
5
. □

5. A2 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is nodal

Let X be a singular del Pezzo surface of degree 1 with an A2 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P and it has a node in P . One has δP(X) = 12

7
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1 and E2 are the exceptional divisors. We have
−KS ∼ C + E1 + E2. Let P be a point on S.

Step 1. Suppose P ∈ E1∪E2. Without loss of generality we can assume that P ∈ E1 since the proof
is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (1− v)E1 +E2

is given by:

P (v) =

{
−KS − vE1 − v

2
E2 if v ∈

[
0, 2

3

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)C if v ∈

[
2
3
, 1
]

N(v) =

{
v
2
E2 if v ∈

[
0, 2

3

]
(2v − 1)E2 + (3v − 2)C if v ∈

[
2
3
, 1
]

Moreover,

(P (v))2 =

{
1− 3v2

2
if v ∈

[
0, 2

3

]
3(v − 1)2 if v ∈

[
2
3
, 1
] and P (v) · E =

{
3v
2
if v ∈

[
0, 2

3

]
3(1− v) if v ∈

[
2
3
, 1
]

We have SS(E1) =
5
9
. Thus, δP (S) ≤ 9

5
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
9v2

8
if v ∈

[
0, 2

3

]
3(1−v)(v+1)

2
if v ∈

[
2
3
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 14

27
< 5

9
. We get δP (S) =

9
5
for P ∈ (E1 ∪ E2)\(E1 ∩ E2).

Step 2. Suppose P = E1∩E2. Consider the blowup σ : S̃ → S of S at P with the exceptional divisor

EP . Suppose Ẽ1, Ẽ2 and C̃ are strict transforma of E1, E2 and C on S. The Zariski decomposition

of the divisor σ∗(−KS)− vEP ∼ C̃ + Ẽ1 + Ẽ2 + (2− v)EP is given by:

P (v) =

{
σ∗(−KS)− vEP − v

3
(Ẽ1 + Ẽ2) if v ∈

[
0, 3

2

]
σ∗(−KS)− vEP − (v − 1)(Ẽ1 + Ẽ2)− (2v − 3)C̃ if v ∈

[
3
2
, 2
]

N(v) =

{
v
3
(Ẽ1 + Ẽ2) if v ∈

[
0, 3

2

]
(v − 1)(Ẽ1 + Ẽ2) + (2v − 3)C̃ if v ∈

[
3
2
, 2
]
.

Moreover,

(P (v))2 =

{
1− v2

3
if v ∈

[
0, 3

2

]
(2− v)2 if v ∈

[
3
2
, 2
] and P (v) · EP =

{
v
3
if v ∈

[
0, 3

2

]
2− v if v ∈

[
3
2
, 2
]
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We have SS(EP ) =
7
6
. Thus, δP (S) ≤ 2

7/6
= 12

7
for P = E1 ∩ E2. Moreover,

h(v) ≤

{
v2

6
if v ∈

[
0, 3

2

]
(2−v)v

2
if v ∈

[
3
2
, 2
]

Thus, S(WEP
•,• ;O) ≤ 7

12
. We get δP (S) =

12
7
for P = E1 ∩ E2. Thus, δP(X) = 12

7
. □

6. A2 singularity on Du Val Del Pezzo surfaces of degree 1 such that C is caspidal

Let X be a singular del Pezzo surface of degree 1 with an A2 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P and it has a cusp in P . One has δP(X) = 3

2
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree

1. We have −KS ∼ C + E1 + E2. Let P be a point on S. Let also σ : S̃ → S be the blowup of a

point P = E1 ∩ E2 ∩ C. Let C̃, Ẽ1 and Ẽ2 be strict transforms of C, E1 and E2 on S̃.

Step 1. Suppose P ∈ E1∪E2. Without loss of generality we can assume that P ∈ E1 since the proof
is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (1− v)E1 +E2

is given by:

P (v) =

{
−KS − vE1 − v

2
E2 if v ∈

[
0, 2

3

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)C if v ∈

[
2
3
, 1
]

N(v) =

{
v
2
E2 if v ∈

[
0, 2

3

]
(2v − 1)E2 + (3v − 2)C if v ∈

[
2
3
, 1
]

Moreover,

(P (v))2 =

{
1− 3v2

2
if v ∈

[
0, 2

3

]
3(v − 1)2 if v ∈

[
2
3
, 1
] and P (v) · E =

{
3v
2
if v ∈

[
0, 2

3

]
3(1− v) if v ∈

[
2
3
, 1
]

We have SS(E1) =
5
9
. Thus, δP (S) ≤ 9

5
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
9v2

8
if v ∈

[
0, 2

3

]
3(1−v)(v+1)

2
if v ∈

[
2
3
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 14

27
< 5

9
. We get δP (S) =

9
5
for P ∈ (E1 ∪ E2)\(E1 ∩ E2).

Step 2. Suppose P = E1∩E2. Consider the blowup σ : S̃ → S of S at P with the exceptional divisor

EP . Suppose Ẽ1, Ẽ2 and C̃ are strict transforma of E1, E2 and C on S. The Zariski decomposition



δ-INVARIANTS OF DU VAL DEL PEZZO SURFACES OF DEGREE 1 11

of the divisor σ∗(−KS)− vEP ∼ C̃ + Ẽ1 + Ẽ2 + (3− v)EP is given by:

P (v) =

{
σ∗(−KS)− vEP − v

3
(Ẽ1 + Ẽ2) if v ∈

[
0, 1
]

σ∗(−KS)− vEP − (v − 1)(Ẽ1 + Ẽ2)− v−1
2
C̃ if v ∈

[
1, 3
]

N(v) =

{
v
3
(Ẽ1 + Ẽ2) if v ∈

[
0, 1
]

(v − 1)(Ẽ1 + Ẽ2) +
v−1
2
C̃ if v ∈

[
1, 3
]
.

Moreover,

(P (v))2 =

{
1− v2

3
if v ∈

[
0, 1
]

(3−v)2

6
if v ∈

[
1, 3
] and P (v) · EP =

{
v
3
if v ∈

[
0, 1
]

3−v
6

if v ∈
[
1, 3
]

We have SS(EP ) =
4
3
. Thus, δP (S) ≤ 2

4/3
= 3

2
for P = E1 ∩ E2 ∩ C. Moreover, if O ∈ EP\(Ẽ1 ∪ Ẽ2)

if O ∈ EP\C̃ we have:

h(v) ≤

{
v2

18
if v ∈

[
0, 1
]

(3−v)(5v−3)
72

if v ∈
[
1, 3
] or h(v) ≤

{
v2

6
if v ∈

[
0, 1
]

(3−v)(v+1)
24

if v ∈
[
1, 3
]

Thus, S(WEP
•,• ;O) ≤ 1

3
< 2

3
or S(WEP

•,• ;O) ≤ 5
9
< 2

3
. We get δP (S) = 3

2
for P = E1 ∩ E2. Thus,

δP(X) = 3
2
. □

7. A3 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A3 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 3

2
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1, E2 and E3 are the exceptional divisors with
the following intersection:

We have −KS ∼ C + E1 + E2 + E3. Let P be a point on S.
Step 1. Suppose P ∈ E2. The Zariski decomposition of the divisor −KS − vE2 ∼ C + E1 + (1 −
v)E2 + E3 is given by:

P (v) = −KS − vE2 −
v

2
(E1 + E3) and N(v) =

v

2
(E1 + E3) if v ∈

[
0, 1
]

Moreover,

(P (v))2 = (1− v)(1 + v) and P (v) · E2 = v if v ∈
[
0, 1
]

We have SS(E2) =
2
3
. Thus, δP (S) ≤ 3

2
for P ∈ E2. Moreover, for such points we have

h(v) ≤ v2 if v ∈
[
0, 1
]

Thus, S(WE2
•,• ;P ) ≤ 2

3
. We get δP (S) =

3
2
for P ∈ E2.

Step 2. Suppose P ∈ E1∪E3. Without loss of generality we can assume that P ∈ E1 since the proof
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is similar in other cases. The Zariski decomposition of the divisor −KS−vE1 ∼ C+(1−v)E1+E2+E3

is given by:

P (v) =

{
−KS − vE1 − v

3
(2E2 + E3) if v ∈

[
0, 3

4

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)E3 − (4v − 3)C if v ∈

[
3
4
, 1
]

N(v) =

{
v
3
(2E2 + E3) if v ∈

[
0, 3

4

]
(2v − 1)E2 + (3v − 2)E3 + (4v − 3)C if v ∈

[
3
4
, 1
]

Moreover,

(P (v))2 =

{
1− 4v2

3
if v ∈

[
0, 3

4

]
4(v − 1)2 if v ∈

[
3
4
, 1
] and P (v) · E1 =

{
4v
3
if v ∈

[
0, 3

4

]
4(1− v) if v ∈

[
3
4
, 1
]

We have SS(E1) =
5
9
. Thus, δP (S) ≤ 9

5
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
8v2

9
if v ∈

[
0, 3

4

]
4(1− v)(2v − 1) if v ∈

[
3
4
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 5

12
< 7

12
. We get δP (S) =

12
7
for P ∈ (E1 ∪ E3)\E2. Thus, δP(X) = 3

2
. □

8. A4 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A4 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 4

3
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1, E2, E3 and E4 are the exceptional divisors with
the intersection:

We have −KS ∼ C + E1 + E2 + E3 + E4. Let P be a point on S. Consider a linear system
L = | − 2KS − (E1 + 2E2 + 2E3 +E4)|. Using Riemann-Roch for surfaces We get dim |L| = 1. Thus
there is a unique element L ∈ |L| such that it contains the intersection point of E2 and E3. Moreover
we have L · E1 = L · E4 = 0, L · E2 = L · E3 = 1 and L2 = 0.

Step 1. Suppose P = E2 ∩ E3. Consider the blowup σ : S̃ → S of S at P with the exceptional

divisor EP . Suppose Ẽ1, Ẽ2, Ẽ3, Ẽ4, L̃ and C̃ are strict transforms of E1, E2, E3, E4, L and C on

S̃. The Zariski decomposition of the divisor

σ∗(−KS)− vEP ∼
(5
2
− v
)
EP +

1

2
L̃+ Ẽ1 +

3

2
Ẽ2 +

3

2
Ẽ3 + Ẽ4
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is given by:

P (v) =

{
σ∗(−KS)− vEP − v

5
(Ẽ1 + 2Ẽ2 + 2Ẽ3 + Ẽ4) if v ∈

[
0, 2
]

σ∗(−KS)− vEP − v
5
(Ẽ1 + 2Ẽ2 + 2Ẽ3 + Ẽ4)− (v − 2)L̃ if v ∈

[
2, 5

2

]
N(v) =

{
v
5
(Ẽ1 + 2Ẽ2 + 2Ẽ3 + Ẽ4) if v ∈

[
0, 2
]

v
5
(Ẽ1 + 2Ẽ2 + 2Ẽ3 + Ẽ4)− (v − 2)L̃ if v ∈

[
2, 5

2

]
.

Moreover,

(P (v))2 =

{
1− v2

5
if v ∈

[
0, 2
]

(5−2v)2

5
if v ∈

[
2, 5

2

] and P (v) · EP =

{
v
5
if v ∈

[
0, 2
]

2(1− 2v
5
) if v ∈

[
2, 5

2

]
We have SS(EP ) =

3
2
. Thus, δP (S) ≤ 2

3/2
= 4

3
for P = E2 ∩ E3. Moreover, if O ∈ EP\(Ẽ2 ∪ Ẽ3) if

O ∈ EP\L̃ we have:

h(v) ≤

{
v2

50
if v ∈

[
0, 2
]

2(5−2v)(3v−5)
25

if v ∈
[
2, 5

2

] or h(v) ≤

{
v2

10
if v ∈

[
0, 2
]

2(5−2v)
5

if v ∈
[
2, 5

2

]
Thus, S(WEP

•,• ;O) ≤ 1
6
< 3

4
or S(WEP

•,• ;O) ≤ 11
15

< 3
4
. We get δP (S) =

4
3
for P = E2 ∩ E3.

Step 2. Suppose P ∈ E2 ∪ E3. Without loss of generality we can assume that P ∈ E2 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form one of the following dual graphs:

a)

b)

c)

d)

e)

f)

g)
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Then the corresponding Zariski Decomposition of the divisor −KS − vE2 is:

a). P (v) =

{
−KS − vE2 − v

6 (3E1 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 4E3 + 2E4)− (v − 1)(A2,1 +A2,2 +A2,3 +A2,4 +A2,5) if v ∈

[
1, 65
]

N(v) =

{
v
6 (3E1 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
6 (3E1 + 4E3 + 2E4) + (v − 1)(A2,1 +A2,2 +A2,3 +A2,4 +A2,5) if v ∈

[
1, 65
]

b). P (v) =

{
−KS − vE2 − v

6 (3E1 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 4E3 + 2E4)− (v − 1)(2A2,1 +B2 +A2,2 +A2,3 +A2,4) if v ∈

[
1, 65
]

N(v) =

{
v
6 (3E1 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
6 (3E1 + 4E3 + 2E4) + (v − 1)(2A2,1 +B2 +A2,2 +A2,3 +A2,4) if v ∈

[
1, 65
]

c). P (v) =

{
−KS − vE2 − v

6 (3E1 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 4E3 + 2E4)− (v − 1)(2A2,1 +B2,1 + 2A2,2 +B2,2 +A2,3) if v ∈

[
1, 65
]

N(v) =

{
v
6 (3E1 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
6 (3E1 + 4E3 + 2E4) + (v − 1)(2A2,1 +B2,1 + 2A2,2 +B2,2 +A2,3) if v ∈

[
1, 65
]

d). P (v) =

{
−KS − vE2 − v

6 (3E1 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 4E3 + 2E4)− (v − 1)(3A2,1 + 2B2 + C2 + 2A2,2 +A2,3) if v ∈

[
1, 65
]

N(v) =

{
v
6 (3E1 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
6 (3E1 + 4E3 + 2E4) + (v − 1)(3A2,1 + 2B2 + C2 +A2,2 +A2,3) if v ∈

[
1, 65
]

e). P (v) =

{
−KS − vE2 − v

6 (3E1 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 4E3 + 2E4)− (v − 1)(3A2,1 + 2B2,1 + C2,1 + 2A2,2 +B2,2) if v ∈

[
1, 65
]

N(v) =

{
v
6 (3E1 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
6 (3E1 + 4E3 + 2E4) + (v − 1)(3A2,1 + 2B2,1 + C2,1 + 2A2,2 +B2,2) if v ∈

[
1, 65
]

f). P (v) =

{
−KS − vE2 − v

6 (3E1 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 4E3 + 2E4)− (v − 1)(4A2,1 + 3B2 + 2C2 +D2 +A2,2) if v ∈

[
1, 65
]

N(v) =

{
v
6 (3E1 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
6 (3E1 + 4E3 + 2E4) + (v − 1)(4A2,1 + 3B2 + 2C2 +D2 +A2,2) if v ∈

[
1, 65
]

g). P (v) =

{
−KS − vE2 − v

6 (3E1 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 4E3 + 2E4)− (v − 1)(5A2 + 4B2 + 3C2 + 2D2 + F2) if v ∈

[
1, 65
]

N(v) =

{
v
6 (3E1 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
6 (3E1 + 4E3 + 2E4) + (v − 1)(5A2 + 4B2 + 3C2 + 2D2 + F2) if v ∈

[
1, 65
]

The Zariski Decomposition in part a). follows from

−KS − vE2 ∼R

(6
5
− v
)
E2 +

1

5

(
3E1 + 4E3 + 2E4 + A2,1 + A2,2 + A2,3 + A2,4 + A2,5

)
A similar statement holds in other parts. Moreover,

(P (v))2 =

{
1− 5v2

6
if v ∈

[
0, 1
]

(6−5v)2

6
if v ∈

[
1, 6

5

] and P (v) · E2 =

{
5v
6
if v ∈

[
0, 1
]

3(1− v) if v ∈
[
1, 6

5

]
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We have SS(E2) =
11
15
. Thus, δP (S) ≤ 15

11
for P ∈ E2\E3. Moreover, if P ∈ E2 ∩ E1 or if P ∈ E2\E1

for such points we have

h(v) ≤

{
55v2

72
if v ∈

[
0, 1
]

5(5v−6)(19v−30)
72

if v ∈
[
1, 6

5

] or h(v) ≤

{
25v2

72
if v ∈

[
0, 1
]

25(5v−6)(6−7v)
72

if v ∈
[
1, 6

5

]
Thus, S(WE2

•,• ;P ) ≤ 29
45

< 11
15

or S(WE2
•,• ;P )1

3
< 11

15
. We get δP (S) =

15
11

for P ∈ (E1 ∪ E2)\(E1 ∩ E2).
Step 3. Suppose P ∈ E1 ∪ E4. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (1 −
v)E1 + E2 + E3 + E4 is given by:

P (v) =

{
−KS − vE1 − v

4
(3E2 + 2E3 + E4) if v ∈

[
0, 4

5

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)E3 − (4v − 3)E4 − (5v − 4)C if v ∈

[
4
5
, 1
]

N(v) =

{
v
4
(3E2 + 2E3 + E4) if v ∈

[
0, 4

5

]
(2v − 1)E2 + (3v − 2)E3 + (4v − 3)E4 + (5v − 4)C if v ∈

[
4
5
, 1
]

Moreover,

(P (v))2 =

{
1− 5v2

4
if v ∈

[
0, 4

5

]
5(v − 1)2 if v ∈

[
4
5
, 1
] and P (v) · E1 =

{
5v
4
if v ∈

[
0, 4

5

]
5(1− v) if v ∈

[
4
5
, 1
]

We have SS(E1) =
3
5
Thus, δP (S) ≤ 5

3
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
25v2

32
if v ∈

[
0, 4

5

]
5(1−v)(5v−3)

2
if v ∈

[
4
5
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 2

5
< 3

5
. We get δP (S) =

5
3
for P ∈ (E1 ∪ E4)\(E2 ∪ E3). Thus, δP(X) = 4

3
. □

9. A5 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A5 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 6

5
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1, E2, E3, E4 and E5 are the exceptional divisors
with the intersection:

We have −KS ∼ C + E1 + E2 + E3 + E4 + E5. Let P be a point on S.
Step 1. Suppose P ∈ E3. If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves and
(−2)-curves which form one of the following dual graphs:

a) b)
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Then the corresponding Zariski Decomposition of the divisor −KS − vE2 is:

a). P (v) =

{
−KS − vE3 − v

3 (E1 + 2E2 + 2E4 + E5) if v ∈
[
0, 1
]

−KS − vE3 − v
3 (E1 + 2E2 + 2E4 + E5)− (v − 1)(A3,1 +A3,2) if v ∈

[
1, 32
]

N(v) =

{
v
3 (E1 + 2E2 + 2E4 + E5) if v ∈

[
0, 1
]

v
3 (E1 + 2E2 + 2E4 + E5) + (v − 1)(A3,1 +A3,2) if v ∈

[
1, 32
]

b). P (v) =

{
−KS − vE3 − v

3 (E1 + 2E2 + 2E4 + E5) if v ∈
[
0, 1
]

−KS − vE3 − v
3 (E1 + 2E2 + 2E4 + E5)− (v − 1)(2A3 +B3) if v ∈

[
1, 32
]

N(v) =

{
v
3 (E1 + 2E2 + 2E4 + E5) if v ∈

[
0, 1
]

v
3 (E1 + 2E2 + 2E4 + E5) + (v − 1)(2A3 +B3) if v ∈

[
1, 32
]

The Zariski Decomposition in part a). follows from

−KS − vE3 ∼R

(3
2
− v
)
E3 +

1

2

(
E1 + 2E2 + 2E4 + E5 + A3,1 + A3,2

)
A similar statement holds in other parts. Moreover,

(P (v))2 =

{
1− 2v2

3
if v ∈

[
0, 1
]

(3−2v)2

3
if v ∈

[
1, 3

2

] and P (v) · E3 =

{
2v
3
if v ∈

[
0, 1
]

2(1− 2v
3
) if v ∈

[
1, 3

2

]
We have SS(E3) = 5

6
. Thus, δP (S) ≤ 6

5
for P ∈ E3. Moreover, if P ∈ E3 ∩ (E2 ∪ E4) or if

P ∈ E3\(E2 ∪ E4) we have

h(v) ≤

{
2v2

3
if v ∈

[
0, 1
]

2(3−2v)
3

if v ∈
[
1, 3

2

] or h(v) ≤

{
2v2

9
if v ∈

[
0, 1
]

2(3−2v)(4v−3)
9

if v ∈
[
1, 3

2

]
Thus, S(WE3

•,• ;P ) ≤ 7
9
< 5

6
or S(WE3

•,• ;P ) ≤ 1
3
< 5

6
. We get δP (S) =

6
5
for P ∈ E3.

Step 2. Suppose P ∈ E2 ∪ E4. Without loss of generality we can assume that P ∈ E2 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form one of the following dual graphs:

a)
b) c)
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Then the corresponding Zariski Decomposition of the divisor −KS − vE2 is:

a). P (v) =

{
−KS − vE2 − v

4 (2E1 + 3E3 + 2E4 + E5) if v ∈
[
0, 1
]

−KS − vE2 − v
4 (2E1 + 3E3 + 2E4 + E5)− (v − 1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 43
]

N(v) =

{
v
4 (2E1 + 3E3 + 2E4 + E5) if v ∈

[
0, 1
]

v
4 (2E1 + 3E3 + 2E4 + E5) + (v − 1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 43
]

b). P (v) =

{
−KS − vE2 − v

4 (2E1 + 3E3 + 2E4 + E5) if v ∈
[
0, 1
]

−KS − vE2 − v
4 (2E1 + 3E3 + 2E4 + E5)− (v − 1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 43
]

N(v) =

{
v
4 (2E1 + 3E3 + 2E4 + E5) if v ∈

[
0, 1
]

v
4 (2E1 + 3E3 + 2E4 + E5) + (v − 1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 43
]

c). P (v) =

{
−KS − vE2 − v

4 (2E1 + 3E3 + 2E4 + E5) if v ∈
[
0, 1
]

−KS − vE2 − v
4 (2E1 + 3E3 + 2E4 + E5)− (v − 1)(3A2 +B2 + C2) if v ∈

[
1, 43
]

N(v) =

{
v
4 (2E1 + 3E3 + 2E4 + E5) if v ∈

[
0, 1
]

v
4 (2E1 + 3E3 + 2E4 + E5) + (v − 1)(3A2 +B2 + C2) if v ∈

[
1, 43
]

The Zariski Decomposition in part a). follows from

−KS − vE2 ∼R

(4
3
− v
)
E2 +

1

3

(
2E1 + 3E3 + 2E4 + E5 + A2,1 + A2,2 + A2,3

)
A similar statement holds in other parts. Moreover,

(P (v))2 =

{
1− 3v2

4
if v ∈

[
0, 1
]

(4−3v)2

4
if v ∈

[
1, 4

3

] and P (v) · E2 =

{
3v
4
if v ∈

[
0, 1
]

3(1− 3v
4
) if v ∈

[
1, 4

3

]
We have SS(E2) =

7
9
. Thus, δP (S) ≤ 9

7
for P ∈ E2. Moreover, if P ∈ E2 ∩E1 or if P ∈ E2\(E1 ∪E3)

we have

h(v) ≤

{
21v2

32
if v ∈

[
0, 1
]

3(3v−4)(5v−12)
32

if v ∈
[
1, 4

3

] or h(v) ≤

{
9v2

32
if v ∈

[
0, 1
]

9(3v−4)(4−5v)
32

if v ∈
[
1, 4

3

]
Thus, S(WE2

•,• ;P ) ≤ 23
36

< 7
9
or S(WE2

•,• ;P ) ≤ 1
3
< 7

9
. We get δP (S) =

9
7
for P ∈ (E2 ∪ E4)\E3.

Step 3. Suppose P ∈ E1 ∪ E5. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (1 −
v)E1 + E2 + E3 + E4 + E5 is given by:

P (v) =

{
−KS − vE1 − v

5
(4E2 + 3E3 + 2E4 + E5) if v ∈

[
0, 5

6

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)E3 − (4v − 3)E4 − (5v − 4)E5 − (6v − 5)C if v ∈

[
5
6
, 1
]

N(v) =

{
v
5
(4E2 + 3E3 + 2E4 + E5) if v ∈

[
0, 5

6

]
(2v − 1)E2 + (3v − 2)E3 + (4v − 3)E4 + (5v − 4)E5 + (6v − 5)C if v ∈

[
5
6
, 1
]

Moreover,

(P (v))2 =

{
1− 6v2

5
if v ∈

[
0, 5

6

]
6(v − 1)2 if v ∈

[
5
6
, 1
] and P (v) · E1 =

{
6v
5
if v ∈

[
0, 5

6

]
6(1− v) if v ∈

[
5
6
, 1
]
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We have SS(E1) =
11
18
. Thus, δP (S) ≤ 18

11
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
18v2

25
if v ∈

[
0, 5

6

]
6(1− v)(3v − 2) if v ∈

[
5
6
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 7

18
< 11

18
. We get δP (S) =

18
11

for P ∈ (E1 ∪E5)\(E2 ∪E4). Thus, δP(X) = 6
5
. □

10. A6 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A6 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 9

8
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E6 and E7 are the exceptional
divisors with the intersection:

We have −KS ∼ C + E1 + E2 + E3 + E4 + E5 + E6. Let P be a point on S.
Step 1. Suppose P ∈ E3 ∪ E4. Without loss of generality we can assume that P ∈ E3 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form the following dual graph:

Then the corresponding Zariski Decomposition of the divisor −KS − vE3 is:

P (v) =


−KS − vE3 − v

12
(4E1 + 8E2 + 9E4 + 6E5 + 3E6) if v ∈

[
0, 1
]

−KS − vE3 − v
12
(4E1 + 8E2 + 9E4 + 6E5 + 3E6)− (v − 1)A3 if v ∈

[
1, 4

3

]
−KS − vE3 − v

3
(E1 + 2E2)− (v − 1)(3E4 + 2E5 + E6 + A3)− (3v − 4)A4 if v ∈

[
4
3
, 3
2

]
N(v) =


v
12
(4E1 + 8E2 + 9E4 + 6E5 + 3E6) if v ∈

[
0, 1
]

v
12
(4E1 + 8E2 + 9E4 + 6E5 + 3E6) + (v − 1)A3 if v ∈

[
1, 4

3

]
v
3
(E1 + 2E2) + (v − 1)(3E4 + 2E5 + E6 + A3) + (3v − 4)A4 if v ∈

[
4
3
, 3
2

]
The Zariski Decomposition in part a). follows from

−KS − vE3 ∼R

(3
2
− v
)
E3 +

1

2

(
E1 + 2E2 + 3E4 + 2E5 + E6 + A3 + A4

)
Moreover,

(P (v))2 =


1− 7v2

12
if v ∈

[
0, 1
]

2− 2v + 5v2

12
if v ∈

[
1, 4

3

]
2(3−2v)2

3
if v ∈

[
4
3
, 3
2

] and P (v) · E3 =


7v
12

if v ∈
[
0, 1
]

1− 5v
12

if v ∈
[
1, 4

3

]
4(1− 2v

3
) if v ∈

[
4
3
, 3
2

]
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We have SS(E3) =
8
9
. Thus, δP (S) ≤ 9

8
for P ∈ E3. Moreover, if P ∈ E3 ∩A3 or if P ∈ E3 ∩E2 or if

P ∈ E3\(E2 ∪ A3) we have

h(v) ≤


49v2

288 if v ∈
[
0, 1
]

(12−5v)(19v−12)
288 if v ∈

[
1, 4

3

]
4(2v−3)(v−3)

9 if v ∈
[
4
3 ,

3
2

] or h(v) ≤


161v2

288 if v ∈
[
0, 1
]

(12−5v)(11v+12)
288 if v ∈

[
1, 4

3

]
8(2v−3)(v−3)

9 if v ∈
[
4
3 ,

3
2

] or h(v) ≤


175v2

288 if v ∈
[
0, 1
]

(12−5v)(13v+12)
288 if v ∈

[
1, 4

3

]
4(2v−3)(5v−3)

9 if v ∈
[
4
3 ,

3
2

]
Thus, S(WE3

•,• ;P ) ≤ 8
27

< 8
9
or S(WE3

•,• ;P ) ≤ 29
36

< 8
9
or S(WE3

•,• ;P ) ≤ 8
9
. We get δP (S) = 9

8
for

P ∈ E3 ∪ E4.
Step 2. Suppose P ∈ E2 ∪ E5. Without loss of generality we can assume that P ∈ E2 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form one of the following dual graphs:

a) b)

Then the corresponding Zariski Decomposition of the divisor −KS − vE2 is:

a). P (v) =


−KS − vE2 − v

10(5E1 + 8E3 + 6E4 + 4E5 + 2E6) if v ∈
[
0, 1
]

−KS − vE2 − v
10(5E1 + 8E3 + 6E4 + 4E5 + 2E6)− (v − 1)(A2,1 +A2,2) if v ∈

[
1, 54
]

−KS − vE2 − v
2E1 − (v − 1)(4E3 + 3E4 + 2E5 + E6 +A2,1 +A2,2)− (4v − 5)A3 if v ∈

[
5
4 ,

4
3

]
N(v) =


v
10(5E1 + 8E3 + 6E4 + 4E5 + 2E6) if v ∈

[
0, 1
]

v
10(5E1 + 8E3 + 6E4 + 4E5 + 2E6) + (v − 1)(A2,1 +A2,2) if v ∈

[
1, 54
]

v
2E1 + (v − 1)(4E3 + 3E4 + 2E5 + E6 +A2,1 +A2,2) + (4v − 5)A3 if v ∈

[
5
4 ,

4
3

]
b). P (v) =


−KS − vE2 − v

10(5E1 + 8E3 + 6E4 + 4E5 + 2E6) if v ∈
[
0, 1
]

−KS − vE2 − v
10(5E1 + 8E3 + 6E4 + 4E5 + 2E6)− (v − 1)(2A2 +B2) if v ∈

[
1, 54
]

−KS − vE2 − v
2E1 − (v − 1)(4E3 + 3E4 + 2E5 + E6 + 2A2 +B2)− (4v − 5)A3 if v ∈

[
5
4 ,

4
3

]
N(v) =


v
10(5E1 + 8E3 + 6E4 + 4E5 + 2E6) if v ∈

[
0, 1
]

v
10(5E1 + 8E3 + 6E4 + 4E5 + 2E6) + (v − 1)(2A2 +B2) if v ∈

[
1, 54
]

v
2E1 + (v − 1)(4E3 + 3E4 + 2E5 + E6 + 2A2 +B2) + (4v − 5)A3 if v ∈

[
5
4 ,

4
3

]
The Zariski Decomposition in part a). follows from

−KS − vE2 ∼R

(4
3
− v
)
E2 +

1

3

(
2E1 + 4E3 + 3E4 + 2E5 + E6 + A2,1 + A2,2 + A3

)
A similar statement holds in other parts. Moreover,

(P (v))2 =


1− 7v2

10
if v ∈

[
0, 1
]

3− 4v + 13v2

10
if v ∈

[
1, 5

4

]
(4−3v)2

2
if v ∈

[
5
4
, 4
3

] and P (v) · E2 =


7v
10

if v ∈
[
0, 1
]

2− 13v
10

if v ∈
[
1, 5

4

]
3(2− 3v

2
) if v ∈

[
5
4
, 4
3

]
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We have SS(E2) =
29
36
. Thus, δP (S) ≤ 36

29
for P ∈ E2. Moreover, if P ∈ E2∩E1 or if P ∈ E2\(E1∪E3)

we have

h(v) ≤


119v2

200
if v ∈

[
0, 1
]

(13v−20)(3v−20)
200

if v ∈
[
1, 5

4

]
3(3v−4)(7v−12)

8
if v ∈

[
5
4
, 4
3

] or h(v) ≤


49v2

200
if v ∈

[
0, 1
]

(13v−20)(27v−20)
200

if v ∈
[
1, 5

4

]
3(3v−4)(v−4)

8
if v ∈

[
5
4
, 4
3

]
Thus S(WE2

•,• ;P ) ≤ 29
45

< 29
36

or S(WE2
•,• ;P ) ≤ 23

72
< 29

36
. We get δP (S) =

36
29

for P ∈ (E2∪E5)\(E3∪E4).
Step 3. Suppose P ∈ E1 ∪ E6. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (1 −
v)E1 + E2 + E3 + E4 + E5 + E6 is given by:

P (v) =

{
−KS − vE1 − v

6 (5E2 + 4E3 + 3E4 + 2E5 + E6) if v ∈
[
0, 6

7

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)E3 − (4v − 3)E4 − (5v − 4)E5 − (6v − 5)E6 − (7v − 6)C if v ∈

[
6
7 , 1
]

N(v) =

{
v
6 (5E2 + 4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 6

7

]
(2v − 1)E2 + (3v − 2)E3 + (4v − 3)E4 + (5v − 4)E5 + (6v − 5)E6 + (7v − 6)C if v ∈

[
6
7 , 1
]

Moreover,

(P (v))2 =

{
1− 7v2

6
if v ∈

[
0, 6

7

]
7(v − 1)2 if v ∈

[
6
7
, 1
] and P (v) · E1 =

{
7v
6
if v ∈

[
0, 6

7

]
7(1− v) if v ∈

[
6
7
, 1
]

We have SS(E1) =
13
21
. Thus, δP (S) ≤ 21

13
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
49v2

72
if v ∈

[
0, 6

7

]
7(1−v)(7v−5)

2
if v ∈

[
6
7
, 1
]

Thus S(WE1
•,• ;P ) ≤ 8

21
< 13

21
. We get δP (S) =

21
13

for P ∈ (E1 ∪E6)\(E2 ∪E5). Thus, δP(X) = 9
8
. □

11. A7 singularity with reducible ramification divisor on Du Val Del Pezzo
surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A7 singularity at point P . X can be

realized as the double cover X
2:1−→ P(1, 1, 2), which is ramified along a sextic curve R ∈ P(1, 1, 2).

Suppose R is reducible. Let C be a curve in the pencil | −KX | that contains P . One has δP(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E5, E6 and E7 are the exceptional
divisors with the intersection:

We have−KS ∼ C+E1+E2+E3+E4+E5+E6+E7. Let P be a point on S. If the ramification divisor
R is reducible, then this implies the existence of a (−1)-curve A4 which intersects the fundamental
cycle only at E4 and this intersection is transversal.
Step 1. Suppose P ∈ E4. If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves and
(−2)-curves which form the following dual graph:
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Then the corresponding Zariski Decomposition of the divisor −KS − vE4 is:

P (v) =

{
−KS − vE4 − v

4
(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

−KS − vE4 − v
4
(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7)− (v − 1)A4 if v ∈

[
1, 2
]

N(v) =

{
v
4
(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

v
4
(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7) + (v − 1)A4 if v ∈

[
1, 2
]

The Zariski Decomposition follows from

−KS − vE4 ∼R (2− v)E4 +
1

2

(
E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7 + 2A4

)
Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E4 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
) if v ∈

[
1, 2
]

We have SS(E4) = 1. Thus, δP (S) ≤ 1 for P ∈ E4. Moreover, if P ∈ E4 ∩ (E3 ∪ E5) or if
P ∈ E4\(E3 ∪ E5) we have

h(v) ≤

{
v2

2
if v ∈

[
0, 1
]

(2−v)(v+1)
4

if v ∈
[
1, 2
] or h(v) ≤

{
v2

8
if v ∈

[
0, 1
]

(2−v)(3v−2)
8

if v ∈
[
1, 2
]

Thus S(WE4
•,• ;P ) ≤ 11

12
< 1 or S(WE4

•,• ;P ) ≤ 1
3
< 1. We get δP (S) = 1 for P ∈ E4.

Step 2. Suppose P ∈ E3 ∪ E5. Without loss of generality we can assume that P ∈ E3 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form the following dual graph:

Then the corresponding Zariski Decomposition of the divisor −KS − vE3 is:

P (v) =

{
−KS − vE3 − v

15
(5E1 + 10E2 + 12E4 + 9E5 + 6E6 + 3E7) if v ∈

[
0, 5

4

]
−KS − vE3 − v

3
(E1 + 2E2)− (v − 1)(4E4 + 3E5 + 2E6 + E7)− (4v − 5)A4 if v ∈

[
5
4
, 3
2

]
N(v) =

{
v
15
(5E1 + 10E2 + 12E4 + 9E5 + 6E6 + 3E7) if v ∈

[
0, 5

4

]
v
3
(E1 + 2E2) + (v − 1)(4E4 + 3E5 + 2E6 + E7) + (4v − 5)A4 if v ∈

[
5
4
, 3
2

]
The Zariski Decomposition follows from

−KS − vE3 ∼R

(3
2
− v
)
E3 +

1

2

(
E1 + 2E2 + 4E4 + 3E5 + 2E6 + E7 + 2A4

)
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Moreover,

(P (v))2 =

{
1− 8v2

15
if v ∈

[
0, 5

4

]
2(3−2v)2

3
if v ∈

[
5
4
, 3
2

] and P (v) · E3 =

{
8v
15

if v ∈
[
0, 5

4

]
4(1− 2v

3
) if v ∈

[
5
4
, 3
2

]
We have SS(E3) =

11
12
. Thus, δP (S) ≤ 12

11
for P ∈ E3. Moreover, if P ∈ E3\E4 we have

h(v) ≤

{
112v2

225
if v ∈

[
0, 5

4

]
8(2v−3)(v−3)

9
if v ∈

[
5
4
, 3
2

]
Thus, S(WE3

•,• ;P ) ≤ 5
6
< 11

12
. We get δP (S) =

12
11

for P ∈ (E3 ∪ E5)\E4.
Step 3. Suppose P ∈ E2 ∪ E6. Without loss of generality we can assume that P ∈ E2 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form one of the following dual graphs:

a) b)

Then the corresponding Zariski Decomposition of the divisor −KS − vE2 is:

a). P (v) =

{
−KS − vE2 − v

6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7)− (v − 1)(A2,1 +A2,2) if v ∈

[
1, 32
]

N(v) =

{
v
6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

v
6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) + (v − 1)(A2,1 +A2,2) if v ∈

[
1, 32
]

b). P (v) =

{
−KS − vE2 − v

6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈
[
0, 1
]

−KS − vE2 − v
6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7)− (v − 1)(2A2 +B2) if v ∈

[
1, 32
]

N(v) =

{
v
6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

v
6 (3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) + (v − 1)(2A2 +B2) if v ∈

[
1, 32
]

The Zariski Decomposition follows from

−KS − vE2 ∼R

(3
2
− v
)
E2 +

1

4

(
3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7 + 2A2,1 + 2A2,2

)
Moreover,

(P (v))2 =

{
1− 2v2

3
if v ∈

[
0, 1
]

(3−2v)2

3
if v ∈

[
1, 3

2

] and P (v) · E2 =

{
2v
3
if v ∈

[
0, 1
]

2(1− 2v
3
) if v ∈

[
1, 3

2

]
We have SS(E2) =

5
6
. Thus, δP (S) ≤ 6

5
for P ∈ E2. Moreover, if P ∈ E2 ∩E1 or if P ∈ E2\(E1 ∪E3)

we have

h(v) ≤

{
5v2

9
if v ∈

[
0, 1
]

(2v−3)(v−6)
9

if v ∈
[
1, 3

2

] or h(v) ≤

{
2v2

9
if v ∈

[
0, 1
]

2(3−2v)(4v−3)
9

if v ∈
[
1, 3

2

]
Thus S(WE2

•,• ;P ) ≤ 23
36

< 5
6
or S(WE2

•,• ;P ) ≤ 1
3
< 5

6
. We get δP (S) =

6
5
for P ∈ (E2 ∪ E6)\(E1 ∪ E7).

Step 4. Suppose P ∈ E1 ∪ E7. Without loss of generality we can assume that P ∈ E1 since the
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proof is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 is given by:

P (v) =

{
−KS − vE1 − v

7
(6E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 7

8

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)E3 − (4v − 3)E4 − (5v − 4)E5 − (6v − 5)E6 − (7v − 6)E7 − (8v − 7)C if v ∈

[
7
8
, 1
]

N(v) =

{
v
7
(6E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 7

8

]
(2v − 1)E2 + (3v − 2)E3 − (4v − 3)E4 + (5v − 4)E5 + (6v − 5)E6 + (7v − 6)C if v ∈

[
7
8
, 1
]

Moreover,

(P (v))2 =

{
1− 8v2

7
if v ∈

[
0, 7

8

]
8(v − 1)2 if v ∈

[
7
8
, 1
] and P (v) · E1 =

{
8v
7
if v ∈

[
0, 7

8

]
8(1− v) if v ∈

[
7
8
, 1
]

We have SS(E1) =
5
8
. Thus, δP (S) ≤ 8

5
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
32v2

49
if v ∈

[
0, 7

8

]
8(1− v)(3v − 4) if v ∈

[
7
8
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 13

96
< 5

8
. We get δP (S) =

8
5
for P ∈ (E1 ∪ E7)\(E2 ∪ E6). Thus, δP(X) = 1. □

12. A7 singularity with irreducible ramification divisor on Du Val Del Pezzo
surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A7 singularity at point P . X can be realized

as the double cover X
2:1−→ P(1, 1, 2), which is ramified along a sextic curve R ∈ P(1, 1, 2). Suppose

R is irreducible. Let C be a curve in the pencil | −KX | that contains P . One has δP(X) = 18
17
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E5, E6 and E7 are the exceptional
divisors with the intersection:

We have −KS ∼ C +E1 +E2 +E3 +E4 +E5 +E6 +E7. Let P be a point on S. If the ramification
divisor R is reducible, then this implies that there is no (−1)-curve that intersects the fundamental
cycle only at E4.
Step 1. Suppose P ∈ E4. If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves and
(−2)-curves which form the following dual graph:

Then the corresponding Zariski Decomposition of the divisor −KS − vE4 is:

P (v) =

{
−KS − vE4 − v

4
(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7) if v ∈

[
0, 4

3

]
−KS − vE4 − (v − 1)(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7)− (3v − 4)A3 if v ∈

[
4
3
, 3
2

]
N(v) =

{
v
4
(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7) if v ∈

[
0, 4

3

]
(v − 1)(E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7) + (3v − 4)A3 if v ∈

[
4
3
, 3
2

]
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The Zariski Decomposition follows from

−KS − vE4 ∼R

(3
2
− v
)
E4 +

1

2

(
E1 + 2E2 + 3E3 + 3E5 + 2E6 + E7 + 2A3

)
Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 4

3

]
(3− 2v)2 if v ∈

[
4
3
, 3
2

] and P (v) · E4 =

{
v
2
if v ∈

[
0, 4

3

]
2(3− 2v) if v ∈

[
4
3
, 3
2

]
We have SS(E4) =

17
18
. Thus, δP (S) ≤ 18

17
for P ∈ E4. Moreover, if P ∈ E4 we have

h(v) ≤

{
v2

2
if v ∈

[
0, 4

3

]
2(3− 2v)v if v ∈

[
4
3
, 3
2

]
Thus S(WE2

•,• ;P ) ≤ 17
18
. We get δP (S) =

18
17

for P ∈ E4.
Step 2. Suppose P ∈ E3 ∪ E5. Without loss of generality we can assume that P ∈ E3 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form the following dual graph:

Then the corresponding Zariski Decomposition of the divisor −KS − vE3 is:

P (v) =


−KS − vE3 − v

15(5E1 + 10E2 + 12E4 + 9E5 + 6E6 + 3E7) if v ∈
[
0, 1
]

−KS − vE3 − v
15(5E1 + 10E2 + 12E4 + 9E5 + 6E6 + 3E7)− (v − 1)A3 if v ∈

[
1, 32
]

−KS − vE3 − (v − 1)(E1 + 2E2 +A3)− v
5 (4E4 + 3E5 + 2E6 + E7)− (2v − 3)A2 if v ∈

[
3
2 ,

5
3

]
N(v) =


v
15(5E1 + 10E2 + 12E4 + 9E5 + 6E6 + 3E7) if v ∈

[
0, 1
]

v
15(5E1 + 10E2 + 12E4 + 9E5 + 6E6 + 3E7) + (v − 1)A3 if v ∈

[
1, 32
]

(v − 1)(E1 + 2E2 +A3) +
v
5 (4E4 + 3E5 + 2E6 + E7) + (2v − 3)A2 if v ∈

[
3
2 ,

5
3

]
The Zariski Decomposition follows from

−KS − vE3 ∼R

(5
3
− v
)
E3 +

1

3

(
2E1 + 4E2 + 2A3 + 4E4 + 3E5 + 2E6 + E7 + 2A2

)
Moreover,

(P (v))2 =


1− 8v2

15
if v ∈

[
0, 1
]

2− 2v + 7v2

15
if v ∈

[
1, 3

2

]
(5−3v)2

5
if v ∈

[
3
2
, 5
3

] and P (v) · E3 =


8v
15

if v ∈
[
0, 1
]

1− 7v
15

if v ∈
[
1, 3

2

]
3(1− 3v

5
) if v ∈

[
3
2
, 5
3

]
We have SS(E3) =

17
18
. Thus, δP (S) ≤ 18

17
for P ∈ E3. Moreover, if P ∈ E3 ∩A3 or if P ∈ E3 ∩E2 we

have

h(v) ≤


32v2

225
if v ∈

[
0, 1
]

(15−7v)(23v−15)
450

if v ∈
[
1, 3

2

]
3(5−3v)(v+5)

50
if v ∈

[
3
2
, 5
3

] or h(v) ≤


112v2

225
if v ∈

[
0, 1
]

(15−7v)(13v+15)
450

if v ∈
[
1, 3

2

]
3(5−3v)(11v−5)

50
if v ∈

[
3
2
, 5
3

]
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Thus S(WE3
•,• ;P ) ≤ 14

45
< 17

18
or S(WE3

•,• ;P ) ≤ 37
45

< 17
18
. We get δP (S) =

18
17

for P ∈ (E3 ∪ E5)\E4.
Step 3. Suppose P ∈ E2 ∪ E6. Without loss of generality we can assume that P ∈ E2 since the
proof is similar in other cases. Then the Zariski Decomposition of the divisor −KS − vE2 is:

P (v) =


−KS − vE2 − v

6
(3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

−KS − vE2 − v
6
(3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7)− (v − 1)A2 if v ∈

[
1, 6

5

]
−KS − vE2 − v

2
E1 − (v − 1)(5E3 + 4E4 + 3E5 + 2E6 + E7 + A2)− (5v − 6)A3 if v ∈

[
6
5
, 4
3

]
N(v) =


v
6
(3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

v
6
(3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) + (v − 1)A2 if v ∈

[
1, 6

5

]
v
2
E1 + (v − 1)(5E3 + 4E4 + 3E5 + 2E6 + E7 + A2) + (5v − 6)A3 if v ∈

[
6
5
, 4
3

]
Moreover,

(P (v))2 =


1− 2v2

3
if v ∈

[
0, 1
]

2− 2v + v2

3
if v ∈

[
1, 6

5

]
(4−3v)2

2
if v ∈

[
6
5
, 4
3

] and P (v) · E2 =


2v
3
if v ∈

[
0, 1
]

1− v
3
if v ∈

[
1, 6

5

]
3(2− 3v

2
) if v ∈

[
6
5
, 4
3

]
The Zariski Decomposition follows from

−KS − vE2 ∼R

(4
3
− v
)
E2 +

1

3

(
2E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7 + A2 + 2A3

)
We have SS(E2) =

37
45
. Thus, δP (S) ≤ 45

37
for P ∈ E2. Moreover, if P ∈ E2∩E1 or if P ∈ E2\(E1∪E3)

we have

h(v) ≤


5v2

9
if v ∈

[
0, 1
]

(3−v)(2v+3)
18

if v ∈
[
1, 6

5

]
3(3v−4)(7v−12)

8
if v ∈

[
6
5
, 4
3

] or h(v) ≤


2v2

9
if v ∈

[
0, 1
]

(3−v)(5v−3)
18

if v ∈
[
1, 6

5

]
3(3v−4)(5v−8)

8
if v ∈

[
6
5
, 4
3

]
Thus, S(WE2

•,• ;P ) ≤ 59
90

< 37
45

or S(WE2
•,• ;P ) ≤ 13

45
< 37

45
. We get δP (S) =

45
37

for P ∈ (E2∪E6)\(E3∪E5).
Step 4. Suppose P ∈ E1 ∪ E7. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. The Zariski decomposition of the divisor −KS −vE1 ∼ C+E1+E2+
E3 + E4 + E5 + E6 + E7 is given by:

P (v) =

{
−KS − vE1 − v

7
(6E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 7

8

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)E3 − (4v − 3)E4 − (5v − 4)E5 − (6v − 5)E6 − (7v − 6)E7 − (8v − 7)C if v ∈

[
7
8
, 1
]

N(v) =

{
v
7
(6E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 7

8

]
(2v − 1)E2 + (3v − 2)E3 + (4v − 3)E4 + (5v − 4)E5 + (6v − 5)E6 + (7v − 6)C if v ∈

[
7
8
, 1
]

Moreover,

(P (v))2 =

{
1− 8v2

7
if v ∈

[
0, 7

8

]
8(v − 1)2 if v ∈

[
7
8
, 1
] and P (v) · E1 =

{
8v
7
if v ∈

[
0, 7

8

]
8(1− v) if v ∈

[
7
8
, 1
]

We have SS(E1) =
5
8
. Thus, δP (S) ≤ 8

5
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
32v2

49
if v ∈

[
0, 7

8

]
8(1− v)(3v − 4) if v ∈

[
7
8
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 13

96
< 5

8
. We get δP (S) =

8
5
for P ∈ (E1 ∪E7)\(E2 ∪E6). Thus, δP(X) = 18

17
. □
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13. A8 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an A8 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E1, E2, E3, E4, E5, E6, E7 and E8 are the exceptional
divisors with the intersection:

We have −KS ∼ C + E1 + E2 + E3 + E4 + E5 + E6 + E7 + E8. Let P be a point on S.
Step 1. Suppose P ∈ E4 ∪ E5. Without loss of generality we can assume that P ∈ E4 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form the following dual graph:

Then the corresponding Zariski Decomposition of the divisor −KS − vE4 is:

P (v) =

{
−KS − vE4 − v

20(5E1 + 10E2 + 15E3 + 16E5 + 12E6 + 8E7 + 4E8) if v ∈
[
0, 43
]

−KS − vE4 − (v − 1)(E1 + 2E2 + 3E3)− v
5 (4E5 + 3E6 + 2E7 + E8)− (3v − 4)A3 if v ∈

[
4
3 ,

5
3

]
N(v) =

{
v
20(5E1 + 10E2 + 15E3 + 16E5 + 12E6 + 8E7 + 4E8) if v ∈

[
0, 43
]

(v − 1)(E1 + 2E2 + 3E3) +
v
5 (4E5 + 3E6 + 2E7 + E8) + (3v − 4)A3 if v ∈

[
4
3 ,

5
3

]
The Zariski Decomposition follows from

−KS − vE4 ∼R

(5
3
− v
)
E4 +

1

3

(
2E1 + 4E2 + 6E3 + 4E5 + 3E6 + 2E7 + E8 + 3A3

)
Moreover,

(P (v))2 =

{
1− 9v2

20
if v ∈

[
0, 4

3

]
(5−3v)2

5
if v ∈

[
4
3
, 5
3

] and P (v) · E4 =

{
9v
20

if v ∈
[
0, 4

3

]
3(2− 3v

5
) if v ∈

[
4
3
, 5
3

]
We have SS(E4) = 1. Thus, δP (S) ≤ 1 for P ∈ E4. Moreover, if P ∈ E4 ∩ E5 or if P ∈ E4\E5 we
have

h(v) ≤

{
369v2

800
if v ∈

[
0, 4

3

]
3(3v−5)(v−15)

50
if v ∈

[
4
3
, 5
3

] or h(v) ≤

{
351v2

800
if v ∈

[
0, 4

3

]
9(3v−5)(5−7v)

50
if v ∈

[
4
3
, 5
3

]
Thus, S(WE2

•,• ;P ) ≤ 1. We get δP (S) = 1 for P ∈ E4 ∪ E5.
Step 2. Suppose P ∈ E3 ∪ E5. Without loss of generality we can assume that P ∈ E3 since the
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proof is similar in other cases. The Zariski Decomposition of the divisor −KS − vE3 is:

P (v) =

{
−KS − vE3 − v

6
(2E1 + 4E2 + 5E4 + 4E5 + 3E6 + 2E7 + E8) if v ∈

[
0, 1
]

−KS − vE3 − v
6
(2E1 + 4E2 + 5E4 + 4E5 + 3E6 + 2E7 + E8)− (v − 1)A3 if v ∈

[
1, 2
]

N(v) =

{
v
6
(2E1 + 4E2 + 5E4 + 4E5 + 3E6 + 2E7 + E8) if v ∈

[
0, 1
]

v
6
(2E1 + 4E2 + 5E4 + 4E5 + 3E6 + 2E7 + E8) + (v − 1)A3 if v ∈

[
1, 2
]

The Zariski Decomposition follows from

−KS − vE3 ∼R (2− v)E3 +
1

3

(
2E1 + 4E2 + 5E4 + 4E5 + 3E6 + 2E7 + E8

)
+ A3

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E3 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

We have SS(E3) = 1. Thus, δP (S) ≤ 1 for P ∈ E3. Moreover, if P ∈ E4 ∩E2 or if P ∈ E4\(E2 ∪E4)
we have

h(v) ≤

{
11v2

24
if v ∈

[
0, 1
]

(2−v)(5v+6)
24

if v ∈
[
1, 2
] or h(v) ≤

{
v2

8
if v ∈

[
0, 1
]

(2−v)(3v−2)
8

if v ∈
[
1, 2
]

Thus, S(WE3
•,• ;P ) ≤ 5

6
< 1 or S(WE3

•,• ;P ) ≤ 1
3
< 1. We get δP (S) = 1 for P ∈ (E3 ∪ E6)\(E4 ∪ E5).

Step 3. Suppose P ∈ E2 ∪ E7. The Zariski Decomposition of the divisor −KS − vE2 is:

P (v) =

{
−KS − vE2 − v

2
E1 − v

7
(6E3 + 5E4 + 4E5 + 3E6 + 2E7 + E7) if v ∈

[
0, 7

6

]
−KS − vE2 − v

2
E1 − (v − 1)(6E3 + 5E4 + 4E5 + 3E6 + 2E7 + E7)− (6v − 7)A3 if v ∈

[
7
6
, 4
3

]
N(v) =

{
v
2
E1 +

v
7
(6E3 + 5E4 + 4E5 + 3E6 + 2E7 + E7) if v ∈

[
0, 7

6

]
v
2
E1 + (v − 1)(6E3 + 5E4 + 4E5 + 3E6 + 2E7 + E7) + (6v − 7)A3 if v ∈

[
7
6
, 4
3

]
The Zariski Decomposition follows from

−KS − vE2 ∼R

(4
3
− v
)
E2 +

1

3

(
2E1 + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + E7 + 3A3

)
Moreover,

(P (v))2 =

{
1− 9v2

14
if v ∈

[
0, 7

6

]
(4−3v)2

2
if v ∈

[
7
6
, 4
3

] and P (v) · E2 =

{
9v
14

if v ∈
[
0, 7

6

]
3(1− 3v

2
) if v ∈

[
7
6
, 4
3

]
We have SS(E2) =

5
6
. Thus, δP (S) ≤ 6

5
for P ∈ E2. Moreover, if P ∈ E2\E3 we have

h(v) ≤

{
207v2

392
if v ∈

[
0, 7

6

]
3(3v−4)(7v−12)

8
if v ∈

[
7
6
, 4
3

]
Thus

S(WE2
•,• ;P ) ≤ 2

(∫ 7/6

0

207v2

392
dv +

∫ 4/3

7/6

3(3v − 4)(7v − 12)

8
dv
)
=

1

4
<

5

6

We get δP (S) =
6
5
for P ∈ (E2 ∪ E7)\(E3 ∪ E6).

Step 4. Suppose P ∈ E1 ∪ E8. Without loss of generality we can assume that P ∈ E1 since the
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proof is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (1 −
v)E1 + E2 + E3 + E4 + E5 + E6 + E7 + E8 is given by:

P (v) =

{
−KS − vE1 − v

8
(7E2 + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + E8) if v ∈

[
0, 8

9

]
−KS − vE1 − (2v − 1)E2 − (3v − 2)E3 − (4v − 3)E4 − (5v − 4)E5 − (6v − 5)E6 − (7v − 6)E7 − (8v − 7)E8 − (9v − 8)C if v ∈

[
8
9
, 1

]
N(v) =

{
v
8
(7E2 + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + E8) if v ∈

[
0, 8

9

]
(2v − 1)E2 + (3v − 2)E3 + (4v − 3)E4 + (5v − 4)E5 + (6v − 5)E6 + (7v − 6)E8 + (9v − 8)C if v ∈

[
8
9
, 1

]
Moreover,

(P (v))2 =

{
1− 9v2

8
if v ∈

[
0, 8

9

]
9(v − 1)2 if v ∈

[
8
9
, 1
] and P (v) · E1 =

{
9v
8
if v ∈

[
0, 8

9

]
9(1− v) if v ∈

[
8
9
, 1
]

We have SS(E1) =
17
27
. Thus, δP (S) ≤ 27

17
for P ∈ E1\E2. Moreover, for such points we have

h(v) =

{
81v2

128
if v ∈

[
0, 8

9

]
9(1−v)(9v−7)

2
if v ∈

[
8
9
, 1
]

Thus, S(WE1
•,• ;P ) ≤ 10

27
< 17

27
. We get δP (S) =

27
17

for P ∈ (E1 ∪E8)\(E2 ∪E7). Thus, δP(X) = 1. □

14. D4 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D4 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 1.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2 and E3 are the exceptional divisors with
the intersection:

We have −KS ∼ C + 2E + E1 + E2 + E3. Let P be a point on S.
Step 1. Suppose P ∈ E. The Zariski decomposition of the divisor −KS − vE ∼ (2 − v)E + E1 +
E2 + E3 + C is:

P (v) =

{
−KS − vE − v

2
(E1 + E2 + E3) if v ∈

[
0, 1
]

−KS − vE − v
2
(E1 + E2 + E3)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(E1 + E2 + E3) if v ∈

[
0, 1
]

v
2
(E1 + E2 + E3) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]
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We have SS(E) = 1 Thus, δP (S) ≤ 1 for P ∈ E. Moreover, if P ∈ E ∩ (E1 ∪ E2 ∪ E3) or if
P ∈ E\(E1 ∪ E2 ∪ E3) we have

h(v) ≤

{
3v2

8
if v ∈

[
0, 1
]

(2−v)(2+v)
24

if v ∈
[
1, 2
] or h(v) ≤

{
v2

8
if v ∈

[
0, 1
]

(2−v)(3v−2)
8

if v ∈
[
1, 2
]

Thus, S(WE
•,•;P ) ≤ 2

3
< 1 or S(WE

•,•;P ) ≤ 1
3
< 1. We get δP (S) = 1 for P ∈ E.

Step 2. Suppose P ∈ E1 ∪ E2 ∪ E3. Without loss of generality we can assume that P ∈ E1

since the proof is similar in other cases. The Zariski decomposition of the divisor −KS − vE1 ∼
C + 2E + (1− v)E1 + E2 + E3 is given by:

P (v) = −KS − vE1 −
v

2
(2E + E1 + E2) and N(v) =

v

2
(2E + E1 + E2) if v ∈

[
0, 1
]

Moreover,

(P (v))2 = (1− v)(1 + v) and P (v) · E1 = v if v ∈
[
0, 1
]

We have SS(E1) =
2
3
. Thus, δP (S) ≤ 3

2
for P ∈ E1. Moreover, for E1\E such points we have

h(v) ≤ v2

2
if v ∈

[
0, 1
]

Thus, S(WE1
•,• ;P ) ≤ 1

3
< 2

3
. We get δP (S) =

3
2
for P ∈ (E1 ∪ E2 ∪ E3)\E. Thus, δP(X) = 1. □

15. D5 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D5 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 6

7
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2, E3 and E4 are the exceptional divisors
with the intersection:

We have −KS ∼ C + E1 + E2 + 2E + 2E3 + E4. Let P be a point on S.
Step 1. Suppose P ∈ E. The Zariski decomposition of the divisor −KS − vE ∼ (2 − v)E + E1 +
E2 + 2E3 + E4 + C is:

P (v) =

{
−KS − vE − v

6
(3E1 + 3E2 + 4E3 + 2E4) if v ∈

[
0, 3

2

]
−KS − vE − v

2
(E1 + E2)− (v − 1)(2E3 + E4)− (2v − 3)C if v ∈

[
3
2
, 2
]

N(v) =

{
v
6
(3E1 + 3E2 + 4E3 + 2E4) if v ∈

[
0, 3

2

]
v
2
(E1 + E2) + (v − 1)(2E3 + E4) + (2v − 3)C if v ∈

[
3
2
, 2
]

Moreover,

(P (v))2 =

{
1− v2

3
if v ∈

[
0, 3

2

]
(2− v)2 if v ∈

[
3
2
, 2
] and P (v) · E =

{
v
3
if v ∈

[
0, 3

2

]
2− v if v ∈

[
3
2
, 2
]
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We have SS(E) = 7
6
. Thus, δP (S) ≤ 6

7
for P ∈ E. Moreover, if P ∈ E∩(E1∪E2) or if P ∈ E\(E1∪E2)

we have

h(v) ≤

{
2v2

9
if v ∈

[
0, 3

2

]
2− v if v ∈

[
3
2
, 2
] or h(v) ≤

{
5v2

18
if v ∈

[
0, 3

2

]
(2−v)(3v−2)

2
if v ∈

[
3
2
, 2
]

Thus, S(WE
•,•;P ) ≤ 3

4
< 7

6
or S(WE

•,•;P ) ≤ 1 < 7
6
. We get δP (S) =

6
7
for P ∈ E.

Step 2. Suppose P ∈ E1 ∪ E2. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form one of the following dual graphs:

a)

b)

c)

d)

e)

Then the corresponding Zariski Decomposition of the divisor −KS − vE1 is:

a). P (v) =

{
−KS − vE1 − v

5 (6E + 3E2 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE1 − v
5 (6E + 3E2 + 4E3 + 2E4)− (v − 1)(A1,1 +A1,2 +A1,3 +A1,4) if v ∈

[
1, 54
]

N(v) =

{
v
5 (6E + 3E2 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
5 (6E + 3E2 + 4E3 + 2E4) + (v − 1)(A1,1 +A1,2 +A1,3 +A1,4) if v ∈

[
1, 54
]

b). P (v) =

{
−KS − vE1 − v

5 (6E + 3E2 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE1 − v
5 (6E + 3E2 + 4E3 + 2E4)− (v − 1)(2A1,1 +B1 +A1,2 +A1,3) if v ∈

[
1, 54
]

N(v) =

{
v
5 (6E + 3E2 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
5 (6E + 3E2 + 4E3 + 2E4) + (v − 1)(2A1,1 +B1 +A1,2 +A1,3) if v ∈

[
1, 54
]

c). P (v) =

{
−KS − vE1 − v

5 (6E + 3E2 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE1 − v
5 (6E + 3E2 + 4E3 + 2E4)− (v − 1)(2A1,1 +B1,1 +A1,2 +B1,2) if v ∈

[
1, 54
]

N(v) =

{
v
5 (6E + 3E2 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
5 (6E + 3E2 + 4E3 + 2E4) + (v − 1)(2A1,1 +B1,1 +A1,2 +B1,2) if v ∈

[
1, 54
]

d). P (v) =

{
−KS − vE1 − v

5 (6E + 3E2 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE1 − v
5 (6E + 3E2 + 4E3 + 2E4)− (v − 1)(3A1,1 + 2B1 + C1 +A1,2) if v ∈

[
1, 54
]

N(v) =

{
v
5 (6E + 3E2 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
5 (6E + 3E2 + 4E3 + 2E4) + (v − 1)(3A1,1 + 2B1 + C1 +A1,2) if v ∈

[
1, 54
]
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e). P (v) =

{
−KS − vE1 − v

5 (6E + 3E2 + 4E3 + 2E4) if v ∈
[
0, 1
]

−KS − vE1 − v
5 (6E + 3E2 + 4E3 + 2E4)− (v − 1)(4A1,1 + 3B1 + 2C1 +D1) if v ∈

[
1, 54
]

N(v) =

{
v
5 (6E + 3E2 + 4E3 + 2E4) if v ∈

[
0, 1
]

v
5 (6E + 3E2 + 4E3 + 2E4) + (v − 1)(4A1,1 + 3B1 + 2C1 +D1) if v ∈

[
1, 54
]

The Zariski Decomposition in part a). follows from

−KS − vE1 ∼R

(5
4
− v
)
E1 +

1

4

(
6E + 3E2 + 4E3 + 2E4 + A1,1 + A1,2 + A1,3 + A1,4

)
A similar statement holds in other parts. Moreover,

(P (v))2 =

{
1− 4v2

5
if v ∈

[
0, 1
]

(5−4v)2

5
if v ∈

[
1, 5

4

] and P (v) · E1 =

{
4v
5
if v ∈

[
0, 1
]

4(1− 4v
5
) if v ∈

[
1, 5

4

]
We have SS(E1) =

3
4
. Thus, δP (S) ≤ 4

3
for P ∈ E1. Moreover, if P ∈ E1\E we have

h(v) ≤

{
8v2

25
if v ∈

[
0, 1
]

4(5−4v)(7v−5)
25

if v ∈
[
1, 5

4

]
Thus, S(WE1

•,• ;P ) ≤ 19
60

< 3
4
. We get δP (S) =

4
3
for P ∈ (E1 ∪ E2)\E.

Step 3. Suppose P ∈ E3. The Zariski decomposition of the divisor −KS − vE3 ∼ C + E1 + E2 +
2E + (2− v)E3 + E4 is:

P (v) =

{
−KS − vE3 − v

2
(E4 + 2E + E1 + E2) if v ∈

[
0, 1
]

−KS − vE3 − v
2
(E4 + 2E + E1 + E2)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(E4 + 2E + E1 + E2) if v ∈

[
0, 1
]

v
2
(E4 + 2E + E1 + E2) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E3 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

Now we apply the computation from Section 14 (Step 1.) and get that δP (S) = 1 for P ∈ E3\E.
Step 4. Suppose P ∈ E4. The Zariski decomposition of the divisor −KS − vE4 ∼ C + E1 + E2 +
2E + 2E3 + (1− v)E4 is given by:

P (v) = −KS − vE4 −
v

2
(2E3 + 2E + E1 + E2) and N(v) =

v

2
(2E3 + 2E + E1 + E2) if v ∈

[
0, 1
]

Moreover,

(P (v))2 = (1− v)(1 + v) and P (v) · E4 = v if v ∈
[
0, 1
]

Now we apply the computation from Section 14 (Step 2.) and get that δP (S) =
3
2
for P ∈ E4\E3.

Thus, δP(X) = 6
7
. □
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16. D6 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D6 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 3

4
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4 and E5 are the exceptional
divisors with the intersection:

We have −KS ∼ C + E1 + E2 + 2E + 2E3 + 2E4 + E5. Let P be a point on S.
Step 1. Suppose P ∈ E. The Zariski decomposition of the divisor −KS − vE ∼ C +E1 +E2 +(2−
v)E + 2E3 + 2E4 + E5 is given by:

P (v) = −KS−vE−v

4
(2E1+2E2+3E3+2E4+E5) and N(v) =

v

4
(2E1+2E2+3E3+2E4+E5) if v ∈

[
0, 2
]

Moreover,

(P (v))2 =
(2− v)(2 + v)

4
and P (v) · E =

v

4
if v ∈

[
0, 2
]

We have SS(E) = 4
3
. Thus, δP (S) ≤ 3

4
for P ∈ E. Moreover, for such points we have

h(v) ≤ 7v2

32
if v ∈

[
0, 2
]

Thus, S(WE
•,•;P ) ≤ 7

6
< 4

3
. We get δP (S) =

3
4
for P ∈ E.

Step 2. Suppose P ∈ E1 ∪ E2. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form one of the following dual graphs:

a)

a')

b)

b')
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Then the corresponding Zariski Decomposition of the divisor −KS − vE1 is:

a, a’). P (v) =

{
−KS − vE1 − v

3 (4E + 2E2 + 3E3 + 2E4 + E5) if v ∈
[
0, 1
]

−KS − vE1 − v
3 (4E + 2E2 + 3E3 + 2E4 + E5)− (v − 1)(A1,1 +A1,2) if v ∈

[
1, 32
]

N(v) =

{
v
3 (4E + 2E2 + 3E3 + 2E4 + E5) if v ∈

[
0, 1
]

v
3 (4E + 2E2 + 3E3 + 2E4 + E5) + (v − 1)(A1,1 +A1,2) if v ∈

[
1, 32
]

b, b’). P (v) =

{
−KS − vE1 − v

3 (4E + 2E2 + 3E3 + 2E4 + E5) if v ∈
[
0, 1
]

−KS − vE1 − v
3 (4E + 2E2 + 3E3 + 2E4 + E5)− (v − 1)(2A1,1 +B1) if v ∈

[
1, 32
]

N(v) =

{
v
3 (4E + 2E2 + 3E3 + 2E4 + E5) if v ∈

[
0, 1
]

v
3 (4E + 2E2 + 3E3 + 2E4 + E5) + (v − 1)(2A1,1 +B1) if v ∈

[
1, 32
]

The Zariski Decomposition in part a). follows from

−KS − vE1 ∼R

(3
2
− v
)
E1 +

1

2

(
4E + 2E2 + 3E3 + 2E4 + E5 + A1,1 + A1,2

)
A similar statement holds in other parts. Moreover,

(P (v))2 =

{
1− 2v2

3
if v ∈

[
0, 1
]

(3−2v)2

3
if v ∈

[
1, 3

2

] and P (v) · E1 =

{
2v
3
if v ∈

[
0, 1
]

2(1− 2v
3
) if v ∈

[
1, 3

2

]
We have SS(E1) =

5
6
. Thus, δP (S) ≤ 6

5
for P ∈ E1. Moreover, if P ∈ E1\E we have

h(v) ≤

{
2v2

9
if v ∈

[
0, 1
]

2(2v−3)(4v−3)
9

if v ∈
[
1, 3

2

]
Thus, S(WE1

•,• ;P ) ≤ 1
3
< 5

6
. We get δP (S) =

6
5
for P ∈ (E1 ∪ E2)\E.

Step 3. Suppose P ∈ E3. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of
all the (−1) and (−2) curves is known so the Zariski decomposition of the divisor −KS − vE3 ∼
C + E1 + E2 + 2E + (2− v)E3 + 2E4 + E5 is:

P (v) =

{
−KS − vE3 − v

6
(3E1 + 3E2 + 6E + 4E4 + 2E5) if v ∈

[
0, 3

2

]
−KS − vE3 − v

2
(2E + E1 + E2)− (v − 1)(2E4 + E5)− (2v − 3)C if v ∈

[
3
2
, 2
]

N(v) =

{
v
6
(3E1 + 3E2 + 6E + 4E4 + 2E5) if v ∈

[
0, 3

2

]
v
2
(2E + E1 + E2) + (v − 1)(2E4 + E5) + (2v − 3)C if v ∈

[
3
2
, 2
]

Moreover,

(P (v))2 =

{
1− v2

3
if v ∈

[
0, 3

2

]
(2− v)2 if v ∈

[
3
2
, 2
] and P (v) · E3 =

{
v
3
if v ∈

[
0, 3

2

]
2− v if v ∈

[
3
2
, 2
]

Now we apply the computation from Section 15 (Step 1.) and get that δP (S) =
6
7
for P ∈ E3\E.

Step 4. Suppose P ∈ E4. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of
all the (−1) and (−2) curves is known so the Zariski decomposition of the divisor −KS − vE4 ∼
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C + E1 + E2 + 2E + 2E3 + (2− v)E4 + E5 is:

P (v) =

{
−KS − vE4 − v

2
(2E3 + 2E + E1 + E2 + E5) if v ∈

[
0, 1
]

−KS − vE4 − v
2
(2E3 + 2E + E1 + E2 + E5)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(2E3 + 2E + E1 + E2 + E5) if v ∈

[
0, 1
]

v
2
(2E3 + 2E + E1 + E2 + E5) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E4 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

Now we apply the computation from Section 14 (Step 1.) and get δP (S) = 1 for P ∈ E4\E3.
Step 5. Suppose P ∈ E5. The Zariski decomposition of the divisor −KS − vE5 ∼ C + E1 + E2 +
2E + 2E3 + 2E4 + (1− v)E5 is given by:

P (v) = −KS−vE5−
v

2
(2E4+2E3+2E+E1+E2) and N(v) =

v

2
(2E4+2E3+2E+E1+E2) if v ∈

[
0, 1
]

Moreover,
(P (v))2 = (1− v)(1 + v) and P (v) · E5 = v if v ∈

[
0, 1
]

Now we apply the computation from Section 14 (Step 2.) and get that δP (S) =
3
2
for P ∈ E5\E4.

Thus, δP(X) = 3
4
. □

17. D7 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D7 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 2

3
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5 and E6 are the exceptional
divisors with the intersection:

We have −KS ∼ C + E1 + E2 + 2E + 2E3 + 2E4 + 2E5 + E6. Let P be a point on S.
Step 1. Suppose P ∈ E. If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves and
(−2)-curves which form the following dual graph:
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Then the corresponding Zariski Decomposition of the divisor −KS − vE is:

P (v) =

{
−KS − vE − v

2 (E1 + E2)− v
5 (4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

−KS − vE − (v − 1)(E1 + E2)− v
5 (4E3 + 3E4 + 2E5 + E6)− (v − 2)(A1 +A2) if v ∈

[
2, 52
]

N(v) =

{
v
2 (E1 + E2) +

v
5 (4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

(v − 1)(E1 + E2) +
v
5 (4E3 + 3E4 + 2E5 + E6) + (v − 2)(A1 +A2) if v ∈

[
2, 52
]

The Zariski Decomposition follows from

−KS − vE ∼R

(5
2
− v
)
E +

1

2

(
3E1 + 3E2 + 4E3 + 3E4 + 2E5 + E6 + A1 + A2

)
Moreover,

(P (v))2 =

{
1− v2

5
if v ∈

[
0, 2
]

(5−2v)2

5
if v ∈

[
2, 5

2

] and P (v) · E =

{
v
5
if v ∈

[
0, 2
]

2(1− 2v
5
) if v ∈

[
2, 5

2

]
We have SS(E) = 3

2
. Thus, δP (S) ≤ 2

3
for P ∈ E. Moreover, if P ∈ E ∩ E3 if P ∈ E\E3 we have

h(v) ≤

{
9v2

50
if v ∈

[
0, 2
]

2(5−2v)(2v+5)
25

if v ∈
[
2, 5

2

] or h(v) ≤

{
3v2

25
if v ∈

[
0, 2
]

6v(5−2v)
25

if v ∈
[
2, 5

2

]
Thus S(WE

•,•;P ) ≤ 4
3
< 3

2
or S(WE

•,•;P ) ≤ 9
10

< 3
2
. We get δP (S) =

2
3
for P ∈ E.

Step 2. Suppose P ∈ E1∪E2. The Zariski decomposition of the divisor −KS −vE3 is the following:

P (v) =


−KS − vE1 − v

7 (10E + 5E2 + 8E3 + 6E4 + 4E5 + 2E6) if v ∈
[
0, 1
]

−KS − vE1 − v
7 (10E + 5E2 + 8E3 + 6E4 + 4E5 + 2E6)− (v − 1)A1 if v ∈

[
1, 7

5

]
−KS − vE1 − (v − 1)(10E + 8E3 + 6E4 + 4E5 + 2E6 +A1)− (5v − 6)E2 − (5v − 7)A2 if v ∈

[
7
5 ,

3
2

]
and N(v) =


v
7 (10E + 5E2 + 8E3 + 6E4 + 4E5 + 2E6) if v ∈

[
0, 1
]

v
7 (10E + 5E2 + 8E3 + 6E4 + 4E5 + 2E6) + (v − 1)A1 if v ∈

[
1, 7

5

]
(v − 1)(10E + 8E3 + 6E4 + 4E5 + 2E6 +A1) + (5v − 6)E2 + (5v − 7)A2 if v ∈

[
7
5 ,

3
2

]
The Zariski Decomposition follows from

−KS − vE1 ∼R

(3
2
− v
)
E1 +

1

2

(
2A2 + 3E2 + 5E + 4E3 + 3E4 + 2E5 + E6 + A1

)
Moreover,

(P (v))2 =


1− 4v2

7
if v ∈

[
0, 1
]

2− 2v + 3v2

7
if v ∈

[
1, 7

5

]
(3− 2v)2 if v ∈

[
7
5
, 3
2

] and P (v) · E1 =


4v
7
if v ∈

[
0, 1
]

1− 3v
7
if v ∈

[
1, 7

5

]
2(3− 2v) if v ∈

[
7
5
, 3
2

]
We have SS(E3) =

9
10
. Thus, δP (S) ≤ 10

9
for P ∈ E1. Moreover, if P ∈ E1\E we have

h(v) ≤


8v2

49
if v ∈

[
0, 1
]

(7−3v)(11v−7)
98

if v ∈
[
1, 7

5

]
2(3− 2v)(2− v) if v ∈

[
7
5
, 3
2

]
Thus, S(WE1

•,• ;P ) ≤ 3
10

< 9
10
. We get δP (S) =

10
9
for P ∈ (E1 ∪ E2)\E.

Step 3. Suppose P ∈ E3. The Zariski decomposition of the divisor −KS − vE3 ∼ C + E1 + E2 +
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2E + (2− v)E3 + 2E4 + 2E5 + E6 is given by:

P (v) = −KS − vE3 −
v

4
(2E1 + 2E2 + 4E + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

N(v) =
v

4
(2E1 + 2E2 + 4E + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

Moreover,

(P (v))2 =
(2− v)(2 + v)

4
and P (v) · E3 =

v

4
if v ∈

[
0, 2
]

Now we apply the computation from Section 16 (Step 1.) and get that δP (S) =
3
4
for P ∈ E3\E.

Step 4. Suppose P ∈ E4. The Zariski decomposition of the divisor −KS − vE4 ∼ C + E1 + E2 +
2E + 2E3 + (2− v)E4 + 2E5 + E6 is:

P (v) =

{
−KS − vE4 − v

6
(3E1 + 3E2 + 6E + 6E3 + 4E5 + 2E6) if v ∈

[
0, 3

2

]
−KS − vE4 − v

2
(E1 + E2 + 2E + 2E3)− (v − 1)(2E5 + E6)− (2v − 3)C if v ∈

[
3
2
, 2
]

N(v) =

{
v
6
(3E1 + 3E2 + 6E + 6E3 + 4E5 + 2E6) if v ∈

[
0, 3

2

]
v
2
(E1 + E2 + 2E + 2E3) + (v − 1)(2E5 + E6) + (2v − 3)C if v ∈

[
3
2
, 2
]

Moreover,

(P (v))2 =

{
1− v2

3
if v ∈

[
0, 3

2

]
(2− v)2 if v ∈

[
3
2
, 2
] and P (v) · E4 =

{
v
3
if v ∈

[
0, 3

2

]
2− v if v ∈

[
3
2
, 2
]

Now we apply the computation from Section 15 (Step 1.) and get that δP (S) =
6
7
for P ∈ E4\E3.

Step 5. Suppose P ∈ E5. The Zariski decomposition of the divisor −KS − vE5 ∼ C + E1 + E2 +
2E + 2E3 + 2E4 + (2− v)E5 + E6 is:

P (v) =

{
−KS − vE5 − v

2
(2E4 + 2E3 + 2E + E1 + E2 + E6) if v ∈

[
0, 1
]

−KS − vE5 − v
2
(2E4 + 2E3 + 2E + E1 + E2 + E6)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(2E4 + 2E3 + 2E + E1 + E2 + E6) if v ∈

[
0, 1
]

v
2
(2E4 + 2E3 + 2E + E1 + E2 + E6) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E5 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

Now we apply the computation from Section 14 (Step 1.) and get that δP (S) = 1 for P ∈ E5\E4.
Step 6. Suppose P ∈ E6. The Zariski decomposition of the divisor −KS − vE6 ∼ C + E1 + E2 +
2E + 2E3 + 2E4 + 2E5 + (1− v)E6 is given by:

P (v) = −KS − vE6 −
v

2
(2E5 + 2E4 + 2E3 + 2E + E1 + E2) if v ∈

[
0, 1
]

N(v) =
v

2
(2E5 + 2E4 + 2E3 + 2E + E1 + E2) if v ∈

[
0, 1
]

Moreover,
(P (v))2 = (1− v)(1 + v) and P (v) · E6 = v if v ∈

[
0, 1
]

Now we apply the computation from Section 14 (Step 2.) and get that δP (S) =
3
2
for P ∈ E6\E5.

Thus, δP(X) = 2
3
. □
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18. D8 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an D8 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 3

5
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5, E6 and E7 are the exceptional
divisors with the intersection:

We have −KS ∼ C + E1 + E2 + 2E + 2E3 + 2E4 + 2E5 + 2E6 + E7. Let P be a point on S.
Step 1. Suppose P ∈ E.If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves and
(−2)-curves which form the following dual graph:

Then the corresponding Zariski Decomposition of the divisor −KS − vE is:

P (v) =

{
−KS − vE − v

6
(3E1 + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 2
]

−KS − vE − (v − 1)E1 − v
6
(3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7)− (v − 2)A1 if v ∈

[
2, 3
]

N(v) =

{
v
6
(3E1 + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 2
]

(v − 1)E1 +
v
6
(3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) + (v − 2)A1 if v ∈

[
2, 3
]

The Zariski Decomposition follows from

−KS − vE ∼R (3− v)E +
1

2

(
4E1 + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7 + 2A1

)
Moreover,

(P (v))2 =

{
1− v2

6
if v ∈

[
0, 2
]

(3−v)2

3
if v ∈

[
2, 3
] and P (v) · E =

{
v
6
if v ∈

[
0, 2
]

1− v
6
if v ∈

[
2, 3
]

We have SS(E) = 5
3
. Thus, δP (S) ≤ 3

5
for P ∈ E. Moreover, if P ∈ E ∩ E1 if P ∈ E\E1 we have

h(v) ≤

{
7v2

72
if v ∈

[
0, 2
]

(3−v)(5v−3)
18

if v ∈
[
2, 3
] or h(v) ≤

{
11v2

72
if v ∈

[
0, 2
]

(3−v)(4v+3)
18

if v ∈
[
2, 3
]
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Thus, S(WE
•,•;P ) ≤ 1 < 5

3
or S(WE

•,•;P ) ≤ 3
2
< 5

3
. We get δP (S) =

3
5
for P ∈ E.

Step 2. Suppose P ∈ E1. The Zariski decomposition of the divisor −KS − vE1 is:

P (v) =

{
−KS − vE1 − v

4
(6E + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

−KS − vE1 − v
4
(6E + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7)− (v − 1)A1 if v ∈

[
1, 2
]

N(v) =

{
v
4
(6E + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 1
]

v
4
(6E + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7) + (v − 1)A1 if v ∈

[
1, 2
]

The Zariski Decomposition follows from

−KS − vE1 ∼R (2− v)E1 +
1

2

(
6E + 3E2 + 5E3 + 4E4 + 3E5 + 2E6 + E7 + 2A1

)
Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E1 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

Now we apply the computation from Section 14 (Step 1.) and get δP (S) = 1 for P ∈ E1\E.
Step 3. Suppose P ∈ E2. The Zariski decomposition of the divisor −KS − vE2 is the following:

P (v) =

{
−KS − vE2 − v

4 (6E + 3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈
[
0, 4

3

]
−KS − vE2 − (v − 1)(6E + 5E3 + 4E4 + 3E5 + 2E6 + E7)− (6v − 7)E1 − (6v − 8)A1 if v ∈

[
4
3 ,

3
2

]
N(v) =

{
v
4 (6E + 3E1 + 5E3 + 4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 4

3

]
(v − 1)(6E + 5E3 + 4E4 + 3E5 + 2E6 + E7) + (6v − 7)E1 + (6v − 8)A1 if v ∈

[
4
3 ,

3
2

]
The Zariski Decomposition follows from

−KS − vE2 ∼R

(3
2
− v
)
E2 +

1

2

(
6E + 5E3 + 4E4 + 3E5 + 2E6 + E7 + 4E1 + 2A1

)
Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 4

3

]
(3− 2v)2 if v ∈

[
4
3
, 3
2

] and P (v) · E2 =

{
v
2
if v ∈

[
0, 4

3

]
2(3− 2v) if v ∈

[
4
3
, 3
2

]
We have SS(E2) =

17
18
. Thus, δP (S) ≤ 18

17
for P ∈ E2. Moreover, if P ∈ E2\E1 we have:

h(v) ≤

{
v2

8
if v ∈

[
0, 4

3

]
2(3− 2v)2 if v ∈

[
4
3
, 3
2

]
Thus, S(WE2

•,• ;P ) ≤ 2
9
< 17

18
. We get δP (S) =

18
17

for P ∈ E2\E1.
Step 4. Suppose P ∈ E3. The Zariski decomposition of the divisor −KS − vE3 is the following:

P (v) =

{
−KS − vE3 − v

2 (2E + E1 + E2)− v
5 (4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

−KS − vE3 − (v − 1)(2E + E2)− v
5 (4E3 + 3E4 + 2E5 + E6)− (2v − 3)E1 − (2v − 4)A1 if v ∈

[
2, 5

2

]
N(v) =

{
v
2 (2E + E1 + E2) +

v
5 (4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

(v − 1)(2E + E2) +
v
5 (4E3 + 3E4 + 2E5 + E6) + (2v − 3)E1 + (2v − 4)A1 if v ∈

[
2, 5

2

]
The Zariski Decomposition follows from

−KS − vE3 ∼R

(5
2
− v
)
E3 +

1

2

(
6E + 3E2 + 4E3 + 3E4 + 2E5 + E6 + 4E1 + 2A1

)
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Moreover,

(P (v))2 =

{
1− v2

5
if v ∈

[
0, 2
]

(5−2v)2

5
if v ∈

[
2, 5

2

] and P (v) · E3 =

{
v
5
if v ∈

[
0, 2
]

2(1− 2v
5
) if v ∈

[
2, 5

2

]
Now we apply the computation from Section 17 (Step 1.) and get that δP (S) =

2
3
for P ∈ E3\E.

Step 5. Suppose P ∈ E4. The Zariski decomposition of the divisor −KS − vE4 ∼ C + E1 + E2 +
2E + 2E3 + (2− v)E4 + 2E5 + 2E6 + E7 is given by:

P (v) = −KS − vE4 −
v

4
(2E1 + 2E2 + 4E + 4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

N(v) =
v

4
(2E1 + 2E2 + 4E + 4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 2
]

Moreover,

(P (v))2 =
(2− v)(2 + v)

4
and P (v) · E4 =

v

4
if v ∈

[
0, 2
]

Now we apply the computation from Section 16 (Step 1.) and get that δP (S) =
3
4
for P ∈ E4\E3.

Step 6. Suppose P ∈ E5. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of
all the (−1) and (−2) curves is known so the Zariski decomposition of the divisor −KS − vE5 ∼
C + E1 + E2 + 2E + 2E3 + 2E4 + (2− v)E5 + 2E6 + E7 is:

P (v) =

{
−KS − vE5 − v

6
(3E1 + 3E2 + 6E + 6E3 + 6E4 + 4E6 + 2E7) if v ∈

[
0, 3

2

]
−KS − vE5 − v

2
(E1 + E2 + 2E + 2E3 + 2E4)− (v − 1)(2E6 + E7)− (2v − 3)C if v ∈

[
3
2
, 2
]

N(v) =

{
v
6
(3E1 + 3E2 + 6E + 6E3 + 6E4 + 4E6 + 2E7) if v ∈

[
0, 3

2

]
v
2
(E1 + E2 + 2E + 2E3 + 2E4) + (v − 1)(2E6 + E7) + (2v − 3)C if v ∈

[
3
2
, 2
]

Moreover,

(P (v))2 =

{
1− v2

3
if v ∈

[
0, 3

2

]
(2− v)2 if v ∈

[
3
2
, 2
] and P (v) · E5 =

{
v
3
if v ∈

[
0, 3

2

]
2− v if v ∈

[
3
2
, 2
]

Now we apply the computation from Section 15 (Step 1.) and get that δP (S) =
6
7
for P ∈ E5\E4.

Step 7. Suppose P ∈ E6. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities where the configuration of
all the (−1) and (−2) curves is known so the Zariski decomposition of the divisor −KS − vE6 ∼
C + E1 + E2 + 2E + 2E3 + 2E4 + 2E5 + (2− v)E6 + E7 is:

P (v) =

{
−KS − vE6 − v

2
(2E5 + 2E4 + 2E3 + 2E + E1 + E2 + E6) if v ∈

[
0, 1
]

−KS − vE6 − v
2
(2E5 + 2E4 + 2E3 + 2E + E1 + E2 + E6)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(2E5 + 2E4 + 2E3 + 2E + E1 + E2 + E6) if v ∈

[
0, 1
]

v
2
(2E5 + 2E4 + 2E3 + 2E + E1 + E2 + E6) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E6 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]
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Now we apply the computation from Section 14 (Step 1.) and get that δP (S) = 1 for P ∈ E6\E5.
Step 8. Suppose P ∈ E7. The Zariski decomposition of the divisor −KS − vE7 ∼ C + E1 + E2 +
2E + 2E3 + 2E4 + 2E5 + 2E6 + (1− v)E7 is given by:

P (v) = −KS − vE7 −
v

2
(2E6 + 2E5 + 2E4 + 2E3 + 2E + E1 + E2) if v ∈

[
0, 1
]

N(v) =
v

2
(2E6 + 2E5 + 2E4 + 2E3 + 2E + E1 + E2) if v ∈

[
0, 1
]

Moreover,
(P (v))2 = (1− v)(1 + v) and P (v) · E7 = v if v ∈

[
0, 1
]

Now we apply the computation from Section 14 (Step 2.) and get that δP (S) =
3
2
for P ∈ E7\E6.

Thus, δP(X) = 3
5
. □

19. E6 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an E6 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 3

5
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4 and E5 are the exceptional
divisors with the intersection:

We have −KS ∼ C + E1 + 2E2 + 3E3 + 2E4 + E5 + 2E. Let P be a point on S.
Step 1. Suppose P ∈ E3. The Zariski decomposition of the divisor −KS − vE3 ∼ C + E1 + 2E2 +
(3− v)E3 + 2E4 + E5 + 2E is the following:

P (v) =

{
−KS − vE3 − v

3
(E1 + 2E2 + 2E4 + E5)− v

2
E if v ∈

[
0, 2
]

−KS − vE3 − v
3
(E1 + 2E2 + 2E4 + E5)− (v − 1)E − (v − 2)C if v ∈

[
2, 3
]

N(v) =

{
v
3
(E1 + 2E2 + 2E4 + E5) +

v
2
E if v ∈

[
0, 2
]

v
3
(E1 + 2E2 + 2E4 + E5) + (v − 1)E + (v − 2)C if v ∈

[
2, 3
]

Moreover,

(P (v))2 =

{
1− v2

6
if v ∈

[
0, 2
]

(3−v)2

3
if v ∈

[
2, 3
] and P (v) · E3 =

{
v
6
if v ∈

[
0, 2
]

1− v
6
if v ∈

[
2, 3
]

Now we apply the computation from Section 18 (Step 1.) and get that δP (S) =
3
5
for P ∈ E3.

Step 2. Suppose P ∈ E2 ∪ E4. Without loss of generality we can assume that P ∈ E2 since the
proof is similar in other cases. The Zariski decomposition of the divisor −KS − vE2 ∼ C +E1+(2−
v)E2 + 3E3 + 2E4 + E5 + 2 is:

P (v) =

{
−KS − vE2 − v

2
E1 − v

5
(3E + 6E3 + 4E4 + 2E5) if v ∈

[
0, 5

3

]
−KS − vE2 − v

2
E1 − (v − 1)(3E3 + 2E4 + E5)− (3v − 4)E − (3v − 5)C if v ∈

[
5
3
, 2
]

N(v) =

{
v
2
E1 +

v
5
(3E + 6E3 + 4E4 + 2E5) if v ∈

[
0, 5

3

]
v
2
E1 + (v − 1)(3E3 + 2E4 + E5) + (3v − 4)E + (3v − 5)C if v ∈

[
5
3
, 2
]
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Moreover,

(P (v))2 =

{
1− 3v2

10
if v ∈

[
0, 5

3

]
3(2−v)2

2
if v ∈

[
5
3
, 2
] and P (v) · E2 =

{
3v
10

if v ∈
[
0, 5

3

]
3(1− v

2
) if v ∈

[
5
3
, 2
]

We have SS(E2) =
11
9
. Thus, δP (S) ≤ 9

11
for P ∈ E2. Moreover, if P ∈ E2\E3 we have

h(v) ≤

{
39v2

200
if v ∈

[
0, 5

3

]
3(v−2)(v−6)

8
if v ∈

[
5
3
, 2
]

Thus, S(WE2
•,• ;P ) ≤ 7

9
< 11

9
. We get δP (S) =

9
11

for P ∈ (E2 ∪ E4)\E3.
Step 3. Suppose P ∈ E1 ∪ E5. Without loss of generality we can assume that P ∈ E1 since the
proof is similar in other cases. If we contract the curve C the resulting surface is isomorphic to a
weak del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves
and (−2)-curves which form one of the following dual graphs:

a)
b) c)

Then the corresponding Zariski Decomposition of the divisor −KS − vE1 is:

a). P (v) =

{
−KS − vE1 − v

4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) if v ∈
[
0, 1
]

−KS − vE1 − v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E)− (v − 1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 43
]

N(v) =

{
v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) if v ∈

[
0, 1
]

v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) + (v − 1)(A2,1 +A2,2 +A2,3) if v ∈

[
1, 43
]

b). P (v) =

{
−KS − vE1 − v

4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) if v ∈
[
0, 1
]

−KS − vE1 − v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E)− (v − 1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 43
]

N(v) =

{
v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) if v ∈

[
0, 1
]

v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) + (v − 1)(2A2,1 +B2,1 +A2,2) if v ∈

[
1, 43
]

c). P (v) =

{
−KS − vE1 − v

4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) if v ∈
[
0, 1
]

−KS − vE1 − v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E)− (v − 1)(3A2 +B2 + C2) if v ∈

[
1, 43
]

N(v) =

{
v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) if v ∈

[
0, 1
]

v
4 (5E2 + 6E3 + 4E4 + 2E5 + 3E) + (v − 1)(3A2 +B2 + C2) if v ∈

[
1, 43
]

The Zariski Decomposition in part a). follows from

−KS − vE1 ∼R

(4
3
− v
)
E1 +

1

3

(
5E2 + 6E3 + 4E4 + 2E5 + 3E + A2,1 + A2,2 + A2,3

)
A similar statement holds in other parts. Moreover,

(P (v))2 =

{
1− 3v2

4
if v ∈

[
0, 1
]

(4−3v)2

4
if v ∈

[
1, 4

3

] and P (v) · E1 =

{
3v
4
if v ∈

[
0, 1
]

3(1− 3v
4
) if v ∈

[
1, 4

3

]
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We apply the computation from Section 9 (Step 2.) and get δP (S) =
3
5
if P ∈ (E1 ∪ E5)\(E2 ∪ E4).

Step 4. Suppose P ∈ E. The Zariski decomposition of the divisor −KS − vE ∼ C + E1 + 2E2 +
3E3 + 2E4 + E5 + (2− v)E is:

P (v) =

{
−KS − vE − v

2
(E1 + 2E2 + 3E3 + 2E4 + E5) if v ∈

[
0, 1
]

−KS − vE − v
2
(E1 + 2E2 + 3E3 + 2E4 + E5)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(E1 + 2E2 + 3E3 + 2E4 + E5) if v ∈

[
0, 1
]

v
2
(E1 + 2E2 + 3E3 + 2E4 + E5) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

Now we apply the computation from Section 14 (Step 1.) and get that δP (S) = 1 for P ∈ E\E3.
Thus, δP(X) = 3

5
. □

20. E7 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an E7 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 3

7
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5 and E6 are the exceptional
divisors with the intersection:

We have −KS ∼ C + 2E1 + 3E2 + 4E3 + 3E4 + 2E5 + E6 + 2E. Let P be a point on S.
Step 1. Suppose P ∈ E3. The Zariski decomposition of the divisor −KS − vE3 ∼ C + 2E1 + 3E2 +
(4− v)E3 + 3E4 + 2E5 + E6 + 2E is the following:

P (v) =

{
−KS − vE3 − v

4
(2E + 3E4 + 2E5 + E6)− v

3
(E1 + 2E2) if v ∈

[
0, 3
]

−KS − vE3 − v
4
(2E + 3E4 + 2E5 + E6)− (v − 1)E1 − (v − 2)E2 − (v − 3)C if v ∈

[
3, 4
]

N(v) =

{
v
4
(2E + 3E4 + 2E5 + E6)− v

3
(E1 + 2E2) if v ∈

[
0, 3
]

v
4
(2E + 3E4 + 2E5 + E6) + (v − 1)E1 + (v − 2)E2 + (v − 3)C if v ∈

[
3, 4
]

Moreover,

(P (v))2 =

{
1− v2

12
if v ∈

[
0, 3
]

(4−v)2

4
if v ∈

[
3, 4
] and P (v) · E3 =

{
v
12

if v ∈
[
0, 3
]

1− v
4
if v ∈

[
3, 4
]

We have SS(E3) =
7
3
. Thus, δP (S) ≤ 3

7
for P ∈ E3. Moreover, if P ∈ E3∩(E∪E4) if P ∈ E3\(E∪E4)

we have

h(v) ≤

{
19v2

228
if v ∈

[
0, 3
]

(4−v)(5v+4)
32

if v ∈
[
3, 4
] or h(v) ≤

{
17v2

228
if v ∈

[
0, 3
]

(4−v)(7v−4)
32

if v ∈
[
3, 4
]
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Thus, S(WE3
•,• ;P ) ≤ 11

6
< 7

3
or S(WE3

•,• ;P ) ≤ 5
3
< 7

3
. We get δP (S) =

3
7
for P ∈ E3.

Step 2. Suppose P ∈ E2. The Zariski decomposition of the divisor −KS − vE2 ∼ C + 2E1 + (3 −
v)E2 + 4E3 + 3E4 + 2E5 + E6 + 2E is the following:

P (v) =

{
−KS − vE2 − v

3
(2E + 4E3 + 3E4 + 2E5 + E6)− v

2
E1 if v ∈

[
0, 2
]

−KS − vE2 − v
3
(2E + 4E3 + 3E4 + 2E5 + E6)− (v − 1)E1 − (v − 2)C if v ∈

[
2, 3
]

N(v) =

{
v
3
(2E + 4E3 + 3E4 + 2E5 + E6) +

v
2
E1 if v ∈

[
0, 2
]

v
3
(2E + 4E3 + 3E4 + 2E5 + E6) + (v − 1)E1 + (v − 2)C if v ∈

[
2, 3
]

Moreover,

(P (v))2 =

{
1− v2

6
if v ∈

[
0, 2
]

(3−v)2

3
if v ∈

[
2, 3
] and P (v) · E2 =

{
v
6
if v ∈

[
0, 2
]

1− v
6
if v ∈

[
2, 3
]

Now we apply the computation from Section 18 (Step 1.) and get that δP (S) =
3
5
for P ∈ E2\E3.

Step 3. Suppose P ∈ E1. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (2− v)E1 +
3E2 + 4E3 + 3E4 + 2E5 + E6 + 2E is:

P (v) =

{
−KS − vE1 − v

2
(2E + 3E2 + 4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 1
]

−KS − vE1 − v
2
(2E + 3E2 + 4E3 + 3E4 + 2E5 + E6)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(2E + 3E2 + 4E3 + 3E4 + 2E5 + E6) if v ∈

[
0, 1
]

v
2
(2E + 3E2 + 4E3 + 3E4 + 2E5 + E6) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E1 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

Now we apply the computation from Section 14 (Step 1.) and get that δP (S) = 1 for P ∈ E1\E2.
Step 4. Suppose P ∈ E. The Zariski decomposition of the divisor −KS − vE ∼ C + 2E1 + 3E2 +
4E3 + 3E4 + 2E5 + E6 + (2− v)E is:

P (v) =

{
−KS − vE − v

7 (4E1 + 8E2 + 12E3 + 9E4 + 6E5 + 3E6) if v ∈
[
0, 74
]

−KS − vE − (4v − 7)C − (4v − 6)E1 − (4v − 5)E2 − (v − 1)(4E3 + 3E4 + 2E5 + E6) if v ∈
[
7
4 , 2
]

N(v) =

{
v
7 (4E1 + 8E2 + 12E3 + 9E4 + 6E5 + 3E6) if v ∈

[
0, 74
]

(4v − 7)C + (4v − 6)E1 + (4v − 5)E2 + (v − 1)(4E3 + 3E4 + 2E5 + E6) if v ∈
[
7
4 , 2
]

Moreover,

(P (v))2 =

{
1− 2v2

7
if v ∈

[
0, 7

4

]
2(2− v)2 if v ∈

[
7
4
, 2
] and P (v) · E =

{
2v
7
if v ∈

[
0, 7

4

]
2(2− v) if v ∈

[
7
4
, 2
]

We have SS(E) = 5
4
. Thus, δP (S) ≤ 4

5
for P ∈ E. Moreover, if P ∈ E\E3 we have

h(v) ≤

{
2v2

49
if v ∈

[
0, 7

4

]
2(v − 2)2 if v ∈

[
7
4
, 2
]

Thus S(WE2
•,• ;P ) ≤ 1

6
< 5

4
. We get δP (S) =

4
5
for P ∈ E\E3.

Step 5. Suppose P ∈ E4. The Zariski decomposition of the divisor −KS − vE4 ∼ C + 2E1 + 3E2 +
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4E3 + (3− v)E4 + 2E5 + E6 + 2E is:

P (v) =

{
−KS − vE4 − v

5 (2E1 + 4E2 + 6E3 + 3E)− v
3 (2E5 + E6) if v ∈

[
0, 5

2

]
−KS − vE4 − (2v − 5)C − (2v − 4)E1 − (2v − 3)E2 − (2v − 2)E3 − (v − 1)E − v

3 (2E5 + E6) if v ∈
[
5
2 , 3
]

N(v) =

{
v
5 (2E1 + 4E2 + 6E3 + 3E)− v

3 (2E5 + E6) if v ∈
[
0, 5

2

]
(2v − 5)C + (2v − 4)E1 + (2v − 3)E2 + (2v − 2)E3 + (v − 1)E + v

3 (2E5 + E6) if v ∈
[
5
2 , 3
]

Moreover,

(P (v))2 =

{
1− 2v2

15
if v ∈

[
0, 5

2

]
2(3−v)2

3
if v ∈

[
5
2
, 3
] and P (v) · E4 =

{
2v
15

if v ∈
[
0, 5

2

]
2(1− v

3
) if v ∈

[
5
2
, 3
]

We have SS(E4) =
11
6
. Thus, δP (S) ≤ 6

11
for P ∈ E4. Moreover, if P ∈ E4\E3 we have

h(v) ≤

{
22v2

225
if v ∈

[
0, 5

2

]
2(3−v)(v+3)

9
if v ∈

[
5
2
, 3
]

Thus, S(WE4
•,• ;P ) ≤ 4

3
< 11

6
. We get δP (S) =

6
11

for P ∈ E4\E3.
Step 6. Suppose P ∈ E5. The Zariski decomposition of the divisor −KS − vE5 ∼ C + 2E1 + 3E2 +
4E3 + 3E4 + (2− v)E5 + E6 + 2E is given by:

P (v) = −KS − vE5 −
v

4
(2E1 + 4E2 + 6E3 + 5E4 + 3E + 2E6) if v ∈

[
0, 2
]

N(v) =
v

4
(2E1 + 4E2 + 6E3 + 5E4 + 3E + 2E6) if v ∈

[
0, 2
]

Moreover,

(P (v))2 =
(2− v)(2 + v)

4
and P (v) · E5 =

v

4
if v ∈

[
0, 2
]

Now we apply the computation from Section 16 (Step 1.) and get that δP (S) =
3
4
for P ∈ E5\E4.

Step 7. Suppose P ∈ E6. If we contract the curve C the resulting surface is isomorphic to a weak
del Pezzo surface of degree 2 with at most Du Val singularities. Thus, there exist (−1)-curves and
(−2)-curves which form one of the following dual graphs:

b)a)

Then the corresponding Zariski Decomposition of the divisor −KS − vE1 is:

a). P (v) =

{
−KS − vE6 − v

3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) if v ∈
[
0, 1
]

−KS − vE6 − v
3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E)− (v − 1)(A6,1 +A6,2) if v ∈

[
1, 32
]

N(v) =

{
v
3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) if v ∈

[
0, 1
]

v
3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) + (v − 1)(A1,1 +A1,2) if v ∈

[
1, 32
]

b). P (v) =

{
−KS − vE6 − v

3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) if v ∈
[
0, 1
]

−KS − vE6 − v
3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E)− (v − 1)(2A6 +B6) if v ∈

[
1, 32
]

N(v) =

{
v
3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) if v ∈

[
0, 1
]

v
3 (2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) + (v − 1)(2A6 +B6) if v ∈

[
1, 32
]
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The Zariski Decomposition in part a). follows from

−KS − vE6 ∼R

(3
2
− v
)
E6 +

1

2

(
2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E + A6,1 + A6,2

)
A similar statement holds in other parts. Moreover,

(P (v))2 =

{
1− 2v2

3
if v ∈

[
0, 1
]

(3−2v)2

3
if v ∈

[
1, 3

2

] and P (v) · E1 =

{
2v
3
if v ∈

[
0, 1
]

2(1− 2v
3
) if v ∈

[
1, 3

2

]
Now we apply the computation from Section 16 (Step 2.) and get that δP (S) =

6
5
for P ∈ E6\E5.

Thus, δP(X) = 3
7
. □

21. E8 singularity on Du Val Del Pezzo surfaces of degree 1

Let X be a singular del Pezzo surface of degree 1 with an E8 singularity at point P . Let C be a curve
in the pencil | −KX | that contains P . One has δP(X) = 3

11
.

Proof. Let S be the minimal resolution of singularities. Then S is a weak del Pezzo surface of degree
1. Suppose C is a strict transform of C on S and E, E1, E2, E3, E4, E5, E6 and E7 are the exceptional
divisors with the intersection:

We have −KS ∼ C + 2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + 3E.
Step 1. Suppose P ∈ E3. The Zariski decomposition of the divisor −KS − vE3 ∼ C + 2E1 + 4E2 +
(6− v)E3 + 5E4 + 4E5 + 3E6 + 2E7 + 3E is the following:

P (v) =

{
−KS − vE3 − v

2E − v
3 (E1 + 2E2)− v

5 (4E4 + 3E5 + 2E6 + E7) if v ∈
[
0, 5
]

−KS − vE3 − v
2E − v

3 (E1 + 2E2)− (v − 1)E4 − (v − 2)E5 − (v − 3)E6 − (v − 4)E7 − (v − 5)C if v ∈
[
5, 6
]

N(v) =

{
v
2E + v

3 (E1 + 2E2) +
v
5 (4E4 + 3E5 + 2E6 + E7) if v ∈

[
0, 5
]

v
2E + v

3 (E1 + 2E2) + (v − 1)E4 + (v − 2)E5 + (v − 3)E6 + (v − 4)E7 + (v − 5)C if v ∈
[
5, 6
]

Moreover,

(P (v))2 =

{
1− v2

30
if v ∈

[
0, 5
]

(6−v)2

6
if v ∈

[
5, 6
] and P (v) · E3 =

{
v
30

if v ∈
[
0, 5
]

1− v
6
if v ∈

[
5, 6
]

We have SS(E3) = 11
3
. Thus, δP (S) ≤ 3

11
for P ∈ E3. Moreover, if P ∈ E3 ∩ (E ∪ E2) if P ∈

E3\(E ∪ E2) we have

h(v) ≤

{
41v2

1800
if v ∈

[
0, 5
]

(6−v)(7v+6)
72

if v ∈
[
5, 6
] or h(v) ≤

{
49v2

1800
if v ∈

[
0, 5
]

(6−v)(11v−6)
72

if v ∈
[
5, 6
]

Thus, S(WE3
•,• ;P ) ≤ 5

2
< 11

3
or S(WE3

•,• ;P ) ≤ 3 < 11
3
. We get δP (S) =

3
11

for P ∈ E3.
Step 2. Suppose P ∈ E2. The Zariski decomposition of the divisor −KS − vE2 ∼ C + 2E1 + (4 −
v)E2 + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + 3E is:

P (v) =

{
−KS − vE2 − v

2
E1 − v

7
(5E + 10E3 + 8E4 + 6E5 + 4E6 + 2E7) if v ∈

[
0, 7

2

]
−KS − vE2 − v

2
E1 − (v − 1)E − (2v − 2)E3 − (2v − 3)E4 − (2v − 4)E5 − (2v − 5)E6 − (2v − 6)E7 − (2v − 7)C if v ∈

[
7
2
, 4
]

N(v) =

{
v
2
E1 +

v
7
(5E + 10E3 + 8E4 + 6E5 + 4E6 + 2E7) if v ∈

[
0, 7

2

]
v
2
E1 + (v − 1)E + (2v − 2)E3 + (2v − 3)E4 + (2v − 4)E5 + (2v − 5)E6 + (2v − 6)E7 + (2v − 7)C if v ∈

[
7
2
, 4
]
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Moreover,

(P (v))2 =

{
1− v2

14
if v ∈

[
0, 7

2

]
(4−v)2

2
if v ∈

[
7
2
, 4
] and P (v) · E2 =

{
v
14

if v ∈
[
0, 7

2

]
2− v

2
if v ∈

[
7
2
, 4
]

We have SS(E2) =
5
2
. Thus, δP (S) ≤ 2

5
for P ∈ E2. Moreover, if P ∈ E2\E3 we have

h(v) ≤

{
15v2

392
if v ∈

[
0, 7

2

]
(4−v)(4+v)

8
if v ∈

[
7
2
, 4
]

Thus, S(WE2
•,• ;P ) ≤ 4

3
< 5

2
. We get δP (S) =

2
5
for P ∈ E2\E3.

Step 3. Suppose P ∈ E1. The Zariski decomposition of the divisor −KS − vE1 ∼ C + (2− v)E1 +
4E2 + 6E3 + 5E4 + 4E5 + 3E6 + 2E7 + 3E is given by:

P (v) = −KS − vE1 −
v

4
(5E + 7E2 + 10E3 + 8E4 + 6E5 + 4E6 + 2E7) if v ∈

[
0, 2
]

N(v) =
v

4
(5E + 7E2 + 10E3 + 8E4 + 6E5 + 4E6 + 2E7) if v ∈

[
0, 2
]

Moreover,

(P (v))2 =
(2− v)(2 + v)

4
and P (v) · E1 =

v

4
if v ∈

[
0, 2
]

Now we apply the computation from Section 16 (Step 1.) and get that δP (S) =
3
4
for P ∈ E1\E2.

Step 4. Suppose P ∈ E. The Zariski decomposition of the divisor −KS − vE ∼ C + 2E1 + 4E2 +
6E3 + 5E4 + 4E5 + 3E6 + 2E7 + (3− v)E is:

P (v) =

{
−KS − vE − v

8
(5E1 + 10E2 + 15E3 + 12E4 + 9E5 + 6E6 + 3E7) if v ∈

[
0, 8

3

]
−KS − vE − (v − 1)(E1 + 2E2 + 3E3)− (3v − 4)E4 − (3v − 5)E5 − (3v − 6)E6 − (3v − 7)E7 − (3v − 8)C if v ∈

[
8
3
, 3
]

N(v) =

{
v
8
(5E1 + 10E2 + 15E3 + 12E4 + 9E5 + 6E6 + 3E7) if v ∈

[
0, 8

3

]
(v − 1)(E1 + 2E2 + 3E3) + (3v − 4)E4 + (3v − 5)E5 + (3v − 6)E6 + (3v − 7)E7 + (3v − 8)C if v ∈

[
8
3
, 3
]

Moreover,

(P (v))2 =

{
1− v2

8
if v ∈

[
0, 8

3

]
(3− v)2 if v ∈

[
8
3
, 3
] and P (v) · E =

{
v
8
if v ∈

[
0, 8

3

]
3− v if v ∈

[
8
3
, 3
]

We have SS(E) = 17
9
. Thus, δP (S) ≤ 9

17
for P ∈ E. Moreover, if P ∈ E\E3 we have

h(v) ≤

{
v2

128
if v ∈

[
0, 8

3

]
(3−v)2

2
if v ∈

[
8
3
, 3
]

Thus, S(WE
•,•;P ) ≤ 1

9
< 17

9
. We get δP (S) =

9
17

for P ∈ E\E3.
Step 5. Suppose P ∈ E4. The Zariski decomposition of the divisor −KS − vE4 ∼ C + 2E1 + 4E2 +
6E3 + (5− v)E4 + 4E5 + 3E6 + 2E7 + 3E is the following:

P (v) =

{
−KS − vE4 − v

5 (2E1 + 4E2 + 6E3 + 3E)− v
4 (3E5 + 2E6 + E7) if v ∈

[
0, 4
]

−KS − vE4 − v
5 (2E1 + 4E2 + 6E3 + 3E)− (v − 1)E5 − (v − 2)E6 − (v − 3)E7 − (v − 4)C if v ∈

[
4, 5
]

N(v) =

{
v
5 (2E1 + 4E2 + 6E3 + 3E) + v

4 (3E5 + 2E6 + E7) if v ∈
[
0, 4
]

v
5 (2E1 + 4E2 + 6E3 + 3E) + (v − 1)E5 + (v − 2)E6 + (v − 3)E7 + (v − 4)C if v ∈

[
4, 5
]

Moreover,

(P (v))2 =

{
1− v2

20
if v ∈

[
0, 4
]

(5−v)2

5
if v ∈

[
4, 5
] and P (v) · E4 =

{
v
20

if v ∈
[
0, 4
]

1− v
5
if v ∈

[
4, 5
]
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We have SS(E4) = 3. Thus, δP (S) ≤ 1
3
for P ∈ E4. Moreover, if P ∈ E4\E3 we have

h(v) ≤

{
31v2

800
if v ∈

[
0, 4
]

(5−v)(9v−5)
50

if v ∈
[
4, 5
]

Thus, S(WE4
•,• ;P ) ≤ 7

3
< 3. We get δP (S) = 3 for P ∈ E4\E3.

Step 6. Suppose P ∈ E5. The Zariski decomposition of the divisor −KS − vE5 ∼ C + 2E1 + 4E2 +
6E3 + 5E4 + (4− v)E5 + 3E6 + 2E7 + 3E is the following:

P (v) =

{
−KS − vE5 − v

4 (2E1 + 4E2 + 6E3 + 5E4 + 3E)− v
3 (2E6 + E7) if v ∈

[
0, 3
]

−KS − vE5 − v
4 (2E1 + 4E2 + 6E3 + 5E4 + 3E)− (v − 1)E6 − (v − 2)E7 − (v − 3)C if v ∈

[
3, 4
]

N(v) =

{
v
4 (2E1 + 4E2 + 6E3 + 5E4 + 3E)− v

3 (2E6 + E7) if v ∈
[
0, 3
]

v
4 (2E1 + 4E2 + 6E3 + 5E4 + 3E) + (v − 1)E6 + (v − 2)E7 + (v − 3)C if v ∈

[
3, 4
]

Moreover,

(P (v))2 =

{
1− v2

12
if v ∈

[
0, 3
]

(4−v)2

4
if v ∈

[
3, 4
] and P (v) · E5 =

{
v
12

if v ∈
[
0, 3
]

1− v
4
if v ∈

[
3, 4
]

Now we apply the computation from Section 20 (Step 1.) and get that δP (S) =
3
7
for P ∈ E5\E4.

Step 7. Suppose P ∈ E6. The Zariski decomposition of the divisor −KS − vE6 ∼ C + 2E1 + 4E2 +
6E3 + 5E4 + 4E5 + (3− v)E6 + 2E7 + 3E is the following:

P (v) =

{
−KS − vE6 − v

3
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E)− v

2
E7 if v ∈

[
0, 2
]

−KS − vE6 − v
3
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E)− (v − 1)E7 − (v − 2)C if v ∈

[
2, 3
]

N(v) =

{
v
3
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) + v

2
E7 if v ∈

[
0, 2
]

v
3
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E) + (v − 1)E7 + (v − 2)C if v ∈

[
2, 3
]

Moreover,

(P (v))2 =

{
1− v2

6
if v ∈

[
0, 2
]

(3−v)2

3
if v ∈

[
2, 3
] and P (v) · E6 =

{
v
6
if v ∈

[
0, 2
]

1− v
6
if v ∈

[
2, 3
]

Now we apply the computation from Section 18 (Step 1.) and get that δP (S) =
3
5
for P ∈ E6\E5.

Step 8. Suppose P ∈ E7. The Zariski decomposition of the divisor −KS − vE7 ∼ C + 2E1 + 4E2 +
6E3 + 5E4 + 4E5 + 3E6 + (2− v)E7 + 3E is:

P (v) =

{
−KS − vE7 − v

2
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E6 + 3E) if v ∈

[
0, 1
]

−KS − vE7 − v
2
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E6 + 3E)− (v − 1)C if v ∈

[
1, 2
]

N(v) =

{
v
2
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E6 + 3E) if v ∈

[
0, 1
]

v
2
(2E1 + 4E2 + 6E3 + 5E4 + 4E5 + 3E6 + 3E) + (v − 1)C if v ∈

[
1, 2
]

Moreover,

(P (v))2 =

{
1− v2

2
if v ∈

[
0, 1
]

(2−v)2

2
if v ∈

[
1, 2
] and P (v) · E7 =

{
v
2
if v ∈

[
0, 1
]

1− v
2
if v ∈

[
1, 2
]

Now we apply the computation from Section 14 (Step 1.) and get that δP (S) = 1 for P ∈ E7\E6.
Thus, δP(X) = 3

11
. □
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